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Abstract. This is the first in a series of papers laying the foundations for 
a differential graded approach to derived differential geometry (and other ge- 
ometries in characteristic zero). In this paper, we study theories of supercom- 
mutativc algebras for which infinitely differcntiablc functions can be evaluated 
on elements. Such a theory is called a super Fermat theory. Any category 
of superspaces and smooth functions has an associated such theory. This 
includes both real and complex supcrmanifolds, as well as algebraic super- 
schemes. In particular, there is a super Fermat theory of C°° -superalgebras. 
C°°-superalgebras are the appropriate notion of supcrcommutativc algebras in 
the world of C°°-rings, the latter being of central importance both to synthetic 
differential geometry and to all existing models of derived smooth manifolds. 
A super Fermat theory is a natural generalization of the concept of a Format 
theory introduced by E. Dubuc and A. Kock. We show that any Format theory 
admits a canonical superization, however not every super Format theory arises 
in this way. For a fixed super Fermat theory, we go on to study a special sub- 
category of algebras called near-point determined algebras, and derive many 
of their algebraic properties. 
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1. Introduction. 

The purpose of this paper is to introduce super Fermat theories. This theory 
will form the basis of our approach to differential graded models for derived man- 
ifolds. Super Fermat theories are theories of supercommutative algebras in which, 
in addition to evaluating polynomials on elements, one can evaluate infinitely dif- 
ferentiable functions. In particular, they provide a unifying framework to study 
the rings of functions of various flavors of smooth superspaces, e.g. regular func- 
tions on algebraic supcrschemes, smooth functions on smooth supcrmanifolds, and 
holomorphic functions on complex supermanifolds. The basic idea is to take seri- 
ously the notion that every type of geometry must have its own intrinsic version 
of commutative algebra associated to it (with the classical theory of commutative 
rings corresponding to algebraic geometry). Of central importance is the example 
of C°°-superalgebras which are the appropriate notion of supercommutative alge- 
bras in the world of C°°-rings, the commutative algebras associated to differential 
geometry. 

A C°°-ring is a commutative K-algebra which, in addition to the binary op- 
erations of addition and multiplication, has an n-ary operation for each smooth 
function 

/ : R" -> M, 

subject to natural compatibility. They were introduced by W. Lawvere in his 
Chicago lectures on categorical dynamics, but first appeared in the literature in [23] 
and [10]. Their inception lies in the development of models for synthetic differential 
geometry [11, 22, 18, 8, 19, 12, 20, 15]; however, recently they have played a pivotal 
role in developing models for derived differential geometry [24, 14, 6]. 

In [13], E. Dubuc and A. Kock introduce Fermat theories, which provide a unify- 
ing framework for the algebraic study of polynomials using commutative rings, and 
the algebraic study of smooth functions using C°°-rings. Fermat theories are, in a 
precise way, theories of rings of infinitely differentiable functions. Recall that for 
a smooth function / (x, zi, . . . , z n ) on K n+1 , there exists a unique smooth function 
g (x, y, z\, . . . , z n ) on R n+2 , such that for all x and y, 

(1-1) / (z, z) - / (y, z) = (x - y) ■ g (x, y, z) . 

Indeed, for x' ^ y', 

f(x',z)-f(y\ 



g(x',y',z) = 



z 



y' 



x = y 



(1.2) ff (x',x',z) = ^(x'), 

a result known as Hadamard's Lemma. In fact, if one took (1.2) as a definition of 
the partial derivative, all of the classical rules for differentiation could be derived 
from (1.1) using only algebra. The key insight of Dubuc and Kock in [13] is that 
equation (1.1) makes sense in a more general setting, and one can consider algebraic 
theories containing the theory of commutative rings whose operations are labeled 
by functions satisfying a generalization of (1.1) called the Fermat property (since 
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Fermat was the first to observe that it holds for polynomials). For examples and 
non-examples of Fermat theories, see Section 2.2.3. Many important properties of 
C°°-rings hold for any Fermat theory. For example, if E is a Format theory, A an 
E-algcbra, and / C A an ideal of the underlying ring, then A/ 1 has the canonical 
structure of a E-algcbra. Moreover, the fact that the theory of C°°-rings satisfies 
the Fermat property is a key ingredient in many well-adapted models of synthetic 
differential geometry. 

In this paper, we show that the Fermat property is ideally suited to study super- 
geometry, as any Fermat theory admits a canonical superization. The superization 
of a Fermat theory is a 2-sorted algebraic theory containing the theory of supercom- 
mutative algebras, and satisfies a modified version of the Fermat property which we 
call the super Fermat property. An important example of a super Fermat theory is 
the theory of super C°°-rings, which is the superization of the theory of C°°-rings. 
However, super Fermat theories are more general than Fermat theories, as not every 
super Fermat theory arises as a superization. 

Super Format theories are an essential ingredient to our development of a differ- 
ential graded approach to derived differential geometry Of particular importance 
is the theory of C°°-supcralgcbras. Our approach is based upon exploiting the 
connection between supercommutativity and differential graded algebras. In [9], 
we define the concept of a differential graded E-algebra for a super Fermat theory 
E, and develop homological algebra in this setting. 

In light of the history of C°°-rings and their role in synthetic differential geom- 
etry, it is natural to believe that super Fermat theories should play a pivotal role 
in synthetic supcrgcometry, but we do not pursue this in this paper. It is worth 
mentioning however, that our notion of superization is different from that of Yet- 
ter's [25], as his approach results in a uni-sorted Lawvere theory, and also applies 
in a more restrictive context; the superization of the theory of C°°-rings in Yetter's 
sense embeds diagonally into our 2-sorted superization. Our theory is also quite 
different from that of [21] as his theory concerns itself with G°°-supermanifolds, 
whereas our approach is more in tune with supermanifolds in the sense of [17]. 

1.1. Organization and main results. In Section 2, we begin by reviewing the 
concept of a Fermat theory introduced in [13]. We then introduce the concept 
of a reduced Fermat theory, which is a Fermat theory that is, in a precise sense, a 
"theory of functions." We go on to show that we can associate to any Fermat theory 
a reduced Fermat theory in a functorial way; moreover, for every commutative ring 
IK there is a maximal reduced Fermat theory with K as the ground ring (for K = K, 
we recover the theory C°° of smooth functions). 

Section 3 introduces the main subject of this paper, the concept of a super 
Fermat theory. We show that any Fermat theory has associated to it a canonical 
super Fermat theory called its superization, and conversely, any super Fermat theory 
has an underlying Fermat theory. Moreover, we prove the following: 

Theorem 1.1. (Corollary 3.12) The superization functor 

S : FTh -> SFTh 

from Fermat theories to super Fermat theories is left adjoint to the underlying 
functor 

( ) : SFTh -> FTh. 
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We also develop some aspects of supercommutative algebra for algebras over a 
super Fermat theory and prove a useful property of morphisms of super Fermat 
theories: 

Theorem 1.2. 3.32 Let F : S — > S' be a morphism of super Fermat theories. Then 
the induced functor 

F\ : SAlg S'Alg 

preserves finite products. 

In Section 4, we begin the study of near-point determined algebras for a super 
Format theory. This is a generalization of the notion near-point determined intro- 
duced in [20] for finitely generated C°°-rings to the setting of not necessarily finitely 
generated algebras over any super Fermat theory. We then prove that near-point de- 
termined algebras are completely determined by their underlying K-algebra, where 
K is the ground ring of the theory: 

Theorem 1.3. (Corollary 4-36) If E is a super Fermat theory with ground ring 
K, and A and B are ~E-algebras with B is near-point determined, then any K- 
superalgebra morphism ip : A — > B is a map of E-algebras. 

This is a broad generalization of the result proven by Borisov in [7] in the case 
of C°°-rings. Borisov uses topological methods in his proof, tailored specifically 
to the case of C°°-rings. We show that this result holds in a much more general 
context, and follows by completely elementary algebraic methods. 

We go on to define what it means for a super Fermat theory to be super reduced, 
a subtle generalization of the notion of a reduced Fermat theory suitable in the 
supergeometric context, and show that any free algebra for a super reduced Fermat 
theory is near-point determined. We end this section by investigating to what extent 
near-point determined algebras over a super Fermat theory E whose ground ring IK 
is a field are flat. Near-point determined E- algebras are a reflective subcategory of 
E-algcbras, and hence have their own tensor product © (coproduct). In particular, 
we prove the following: 

Theorem 1.4. (Lemma 4.51 and Lemma 4.53) For any near-point determined 
E-algebra A, the endofunctor 

A ® ( ) : EAlg npd -> EAlg npd 

preserves finite products and monomorphisms, where EAlg npd is the category of 
near-point determined ~E-algebras. 

Finally, in the appendices, we give a detailed introduction to algebraic theories 
and multi-sorted Lawvere theories, mostly following [3, 5], and introduce many of 
the conventions and notations concerning their use in this paper. 
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first author would like to additionally thank the many participants in the "Higher 
Differential Geometry" seminar (formally known as the "Derived Differential Geom- 
etry" seminar) at the Max Planck Institute for Mathematics. The second author 
was supported by the Dutch Science Foundation "Free Competition" grant. He 
would also like to thank the Radboud University of Nijmegen, where part of this 
work was carried out, for hospitality. 



ON THEORIES OF SUPERALGEBRAS OF DIFFERENTIABLE FUNCTIONS 



5 



2. Fermat Theories. 

2.1. Examples of Lawvere Theories. A review of the basics of algebraic the- 
ories and multi-sorted Lawvere theories, as well as many notational conventions 
concerning them, is given in Appendices A and B. 

Before presenting Fermat theories in general, we begin by introducing some 
instructive motivating examples: 

Example 2.1. Let Com be the opposite category of finitely generated free com- 
mutative (unital, associative) rings. Up to isomorphism, its objects are of the form 

Z[xi,.-- ,x n ]=Z[x}® n . 

Since we are in the opposite category, and the tensor product of commutative rings 
is the coproduct, every object of Com is a finite product of the object Z[x]. With 
this chosen generator, Com is a Lawvere theory. 

It is sometimes useful to take the dual geometric viewpoint. We can consider 
the category whose objects arc finite dimensional affine spaces Ag over Z, so their 
morphisms are polynomial functions with integer coefficients. This category is 
canonically equivalent to Com. Indeed, each affine space Ag corresponds to the 
ring Z[xi, • ■ ■ , x n ], and since Z[x] is the free commutative ring on one generator, 
we have the following string of natural isomorphisms: 

Horn (Ajjr, A™) S* Z[x 1; --- ,x n ] m 

= Horn (Z[x], Z[xi, • • • , x n ]) m 

= Hom(Z[x]® m ,Z[xi,--- ,i n ]) 

= Hom(Z[xi, • • ■ ,x m ],Z[xi, • • ■ ,x„]), 



where Z[xi, • • • , x n ] m denotes the underlying set of the ring. 

Notice that the affine line Az is a commutative ring object in Com. Indeed, the 
polynomial 

m (x, y) = x • y € Z[x, y] 

is classified by a morphism 

Z[x] -> Z[x,y] 

which corresponds to a morphism 

m : A| -> A z , 
which is multiplication. Similarly, the polynomial 

a (x, y) = x + y 

induces a map 

a : A| -> A z , 
which is addition. Finally, the ring unit 

l e Z[x] 

induces a map 

u : A^ — > Az 
which is the unit map of this ring object. 
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Let A be a commutative ring. Then it induces a functor 

A : Com -> Set 

Z[xi, ■ ■ ■ ,x n ] H> Hom(Z[xi, ■ ■ ■ ,x n ], A) , 

which is product preserving, hence a Com-algebra. Moreover, since Z[x] is the free 
commutative ring on one generator, the underlying set of A is A(Z[x]) = A, the 
underlying set of A. 

Conversely, suppose that B is a Com-algebra. Then, as it is a finite product 
preserving functor, and the diagram expressing that an object in a category is a 
ring object only uses finite products, it follows that the data 

(J3:=B(A&),B(m),B(a),B{u)) 

encodes a commutative ring (in Set.) Moreover, it can be checked that if 

H : B B' 

is a natural transformation between product preserving functors from Com to Set, 
that 

H (A z ) : B -> &_ 
is a ring homomorphism, and conversely, if 

<p : A -> A' 

is a ring homomorphism, 

»(A%) = i p n :A n ^AL n 
defines a natural transformation 

It follows that the category ComAlg is equivalent to the category of commutative 
rings. 

Using the notation (B.2), one has that 

Com (n) = Z[xi, • • • , x n ] 

and its underlying set is given by 

Z[xi, ■ ■ ■ , x n ] — Com (n, 1) = Horn (AJ, Az) . 

One may succinctly say that Com is the Lawvere theory whose n-ary operations 
are labeled by the elements of Z[x\, . . . , x n ], and its algebras are commutative rings. 

Notice that for a given commutative ring A, congruences of A are in bijection 
with ideals. Indeed, given an ideal /, it defines a subring R (I) of A x A whose 
elements are pairs (a, a') such that 

a - a' e I. 

Conversely, given a congruence R >— > A x A, the subset 

/ := {a € A | (o,0) e R.} , 

is an ideal of A. 
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Example 2.2. Let IK be a commutative ring. Then one may consider Comx to 
be the opposite category of finitely generated free K-algebras. Up to isomorphism, 
its objects are of the form 

K[xi, ■ ■ ■ ,x n ]*K[x]*R. 

Since we are in the opposite category, tensoring over K corresponds to taking the 
product, and this category is a Lawvere theory with generator 

K[x] = Ktgiz Z[x}. 

We see that this Lawvere theory is a particular instance of Remark B.16. Algebras 
for this Lawvere theory are precisely K-algebras, and congruences are again ideals. 
One may also view the category ComK as the category of finite dimensional affinc 
planes AJ| over K. 

Example 2.3. When K = R, one may view the category Comi as the category 
whose objects are manifolds of the form R™ and whose morphisms are polynomial 
functions. From the geometric view point, it is natural to ask what happens if one 
allows arbitrary smooth functions instead. The resulting category, which is a full 
subcategory of the category of smooth manifolds Mfd, is a Lawvere theory with 
generator R. We denote this Lawvere theory by C°°. It is the motivating example 
for this paper. It may be described succinctly by saying its n-ary operations are 
labeled by elements of 

C°°(n,m) = C°° (R", R m ). 
Notice that, there is a canonically induced functor 

Conn -> C°° 

sending each manifold to itself, and each polynomial to itself viewed as a smooth 
function. This is a map of Lawvere theories, so there is an induced adjunction 

Com R Alg ( ( } j C°°Alg, 

( h 

where, for a C°°-algebra A, A$ is its underlying R-algebra, and if R is an R-algebra, 
R is its C°°-completion. In particular, 

RIxiT^x^-C 00 (K n ). 

The functor ( )jj is faithful and conservative, therefore one may regard a C°°- 
algebra as an R-algebra with extra structure. This extra structure is encoded by a 
whole slew of n-ary operations, one for each smooth function 

/ : R" -> R, 

subject to natural compatibility. For example, if M is a smooth manifold, then it 
induces a product preserving functor 

C°° (A/) : C°° Set 

R" h-> Horn (A/, R"). 

C°° (M) is a C°°-algebra whose underlying R-algebra is the ordinary ring of smooth 
functions C°° (A/) . Given a smooth function 

/ : R" R, 
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it induces an n-ary operation 

C°° (M) (/) : C°° (AO" -> C°° (M) , 

defined by 

C°° (M) (/) ■ • • , <p n ) (x) = f { Vl [x),— ,tp n (x)) . 

C°°-algebras come with their own notion of tensor product (coproduct), and we 
denote the C°°-tensor product of A and B by A® B. Unlike for the ordinary tensor 
product of R-algebras, one has for (Hausdorff, paracompact, second countable) 
smooth manifolds M and N, the equality [20]: 

C°° (M) © C°° (AT) ^ C°° (M x N) . 

Hence, they are ideally suited for the theory of manifolds. At the same time, the 
theory C°°-algebras closely resembles the theory of commutative rings, as it enjoys 
a very nice property, namely the Fermat property, which is the subject of the next 
subsection. 

2.2. Fermat theories. A Fermat theory is an extension E of Com that has an 
intrinsic notion of derivative obeying the expected rules (the chain rule, the Taylor 
formula, etc.). Standard notions of differential calculus, such as derivations and 
differentials, can be defined for E-algebras. The notion of Fermat theory was in- 
troduced and studied by Dubuc and Kock in [13]. In what follows, we recall some 
key definitions and results from that paper. 

2.2.1. The Fermat Property. Let E be extension of Com, that is a Lawvere theory 
E with a map of Lawvere theories te : Com — > E, i.e. an object of the undercate- 
gory Com/LTh. The structure map te induces an adjunction 

r E 

CnmAl ^ » EAIg . 

Observe first that K = E(0), being the free E-algebra on the empty set, has an 
underlying ring structure. Categorically, E(0) is a finite product preserving Set- 
valued functor, and composition with te induces a Com-algebra 

TE E(0) 

Com > E ► Set. 

This Com-algebra is just r E (E(0)) , and since the underlying set of an algebra for 
a Lawvere theory is determined by its value as a functor on the generator, and te 
preserves generators, r E (E(0)) has the same underlying set as E(0). Now that this 
is clear, we will abuse notation and denote r E (A) , for an E-algcbra A, simply by 
A. On one hand, since E(0) is the initial E-algebra, there is a unique E-algebra 
map from K to E(n) for each n. In particular, it is a map of rings. On the other 
hand, the unit of the adjunction r, E H t e is map of rings 

Com(n) -> E(n). 

Hence, we have a map of rings 

K[xi, . . . , x n ] = Comn(n) = K ®g Com(n) — > E(n). 

Since this is obviously compatible with compositions, we deduce that the structure 
map te : Com — > E factors through Corns. So every E-algcbra has an underlying 
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commutative K-algebra structure. Let us denote the corresponding forgetful functor 

by 

( )jj : EAlg — > ComAlg K 

and its left adjoint - the E-algebra completion - by 

O : ComAlg K — ► EAlg. 

We shall refer to K as the ground ring of the theory E. 

Remark 2.4. The name completion should be taken with a grain of salt. For exam- 
ple, the theory of C°°-algebras is a Fermat theory with ground ring R. Consider C 
as an R- algebra. We can present it as 

C = R[x]/ (x 2 + 1) . 
It follows that the C°°-completion of C is 

C = C°° (R) / (x 2 + 1) , 
however the function x 2 + 1 is a unit in C°° (R) , so we have that C = 0. 

Notation. Denote by the binary coproduct in EAlg. Denote the free E-algebra on 
generators x±, . . . , x n by K.{xi, . . . , x n } (or Ke{xi, . . . , x n } when there are several 
theories around and we need to be clear which one we mean). It is synonymous 
with E(n), but with the generators named explicitly. If A £ EAlg, let 

A{xi, . . . , x n } = A K{xi, . . . , x n }. 

It solves the problem of universally adjoining variables to an E-algebra. 

Remark 2.5. The E-algebra completion of K[zi, . . . , x n ] is . . . , x n }. 

Definition 2.6. [13] An extension E of Com is called a Fermat theory if for every 
/ £ K{x, Z\, . . . , z n } there exists a unique g £ K{x, y, zi, . . . , z n } such that 

(2-1) fix, z) - f(y, z) = (a; - y)g(x, y, z) 

where z = (zi, . . . , z n ). A Fermat theory over Q is a Fermat theory whose structure 
map factors through ComQ. 

Let FTh (resp. FTh/Q, FThg;) denote the full subcategory of Com/LTh (resp. 
ConiQ/LTh, Comi/LTh) consisting of the Fermat theories (resp. Fermat theories 
over Q, Fermat theories with ground ring K). 

For the rest of this subsection, let E denote a Fermat theory with ground ring 
K. (Note: the ground ring of a Fermat theory over Q always contains Q but is 
generally different from it, so the categories FTIiq and FTh/Q are different.) 

An immediate consequence of the Fermat property is the following: 

Proposition 2.7. [13] For any f £ K{x±, . . . , x n }, there exist 

gi £ K{xi, ...,x n> yi,.. .,y n }, 

i = 1, . . . , n, such that 

n 

(2.2) f (x!, . . . ,x n ) - f (y 1: . . . ,y n ) = ^2(xi - yi) ■ g i (x 1 , . . . ,x n ,y 1 , . . . , y n ) . 
The following corollary is the cornerstone of the theory of E-algcbras: 



10 



DAVID CARCHEDI AND DMITRY ROYTENBERG 



Corollary 2.8. [13] Let A be an E-algebra, I C A an ideal in the underlying ring. 
Then the induced equivalence relation on A (a ~ b modulo I iff a — b £ I) is an 
E- congruence. Consequently, there is a unique E-algebra structure on A/ 1 making 
the projection A — > A/ 1 a map ofE-algebras. 

Proof. It suffices to show that if / is an ideal of A, and 

a\ , . . . , a n 

and 



are in A such that for each i, 



ai - bi £ /, 



then for each / £ E (n, 1) , 

A{f)(ai,...,a n )-A(f) (b 1 ,...,b n ) £ I. 
There exists a unique morphism 

ip : K{xi, ...,x n) yi,...,y n }-*A 
sending each Xi to ai and each yi to bi. Note that by 2.7 that there exists 

gi,...,g n £ K{xi,...,x n ,yi,...,y„} 
such that (2.2) holds. Notice for any g £ K{x\, . . . , x n , yi, ■ ■ ■ , yn}, 
<p{g) = A (g) {<p (sci) ,...,<p (x n ) , y> (yi) ,...,ip (y n j) ■ 

It follows that 

n 

A(f) (ai, . . .,a n )-A(f) (bi, . . . , b n ) = ^ (a, - b t )A {g{) (ai, . . . , a n , bi, . . . , b n ) £ I. 

□ 

2.2.2. Derivatives. Suppose we are given an / £ Kjx 1 , . . . , x n }. Fix an i £ {1, . . . , n}, 
let x = x l and consider / as an element of 7Z{x} with 1Z = Kjx 1 , . . . , x l , . . . , x n } 
(the hat indicates omission). By the Fermat property (2.1), there is a unique 
g £ lZ{x, y} such that 

f{x) - f(y) = (x-y)g(x,y). 
Dchnc the partial derivative of f with respect to x % to be 

dif = = g(x,x) £ K{x} = K{x\ . . .,x n }. 

When n = 1, we shall also write f'(x) for df /dx 1 . 

As expected, the partial derivatives satisfy the chain rule: 

Proposition 2.9. [13] Let ip £ E(fc, 1), / = (f 1 , . . . , f k ) £ E(n, k). Then for all 
i = 1, . . . , n we have 

k 

d i (<pof) = Y,(d i f j )(d j <pof). 

3=1 
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Here the partial derivatives can be interpreted as operators 

d, : E(n) — > E(n) 

on the E-algebra E(ri), satisfying a "derivation rule" for every fc-ary E-opcration if 
on E(n). In particular, letting tp be addition (resp. the multiplication) we get the 
familiar IK-linearity (resp. Leibniz rule). 

Remark 2.10. We have slightly abused notation since the partial derivative opera- 
tors di are not morphisms of E-algebras. 

Proposition 2.11. (Clairaut's theorem). The partial derivatives commute: 

did 3 = <),i), 

Proof. We shall give the proof in the two-variable case only; the general case is 
proved in exactly the same way. Let / = f(x,y) £ E(2, 1). We obviously have 

(f(x, y) - f(z, y)) - {f(x, w) - f(z, w)) = {f(x, y) - f(x, w)) - (f(z, y) - f(z, w)). 

Applying the Fermat property on both sides we get 

(x - z)(g(x, z, y) - g(x, z, w)) = (y- w)(h(x, y, w) - h(z, y, w)) 

for unique g and h. Applying the Fermat property again, we get 

(x -z)(y- w)(f>(x, z, y, w) = (y - w)(x - z)ip(x, z, y, w) 

for unique (f> and ip. By uniqueness, x — z and y — w are not zero-divisors, hence 

(f>(x,z,y,w) = ip(x,z,y,w). 

Now, setting x = z and y = w, we obtain the sought after 

d2d 1 f{x,y) = did 2 f{x,y). 

□ 

Corollary 2.12. [13] (The Taylor formula). For any f £ M,{x\, . . . , x p , Z\, . . . , z q }, 
n > and multi-indices a and j3, there exist unique h a G K{.ti, . . . , x p , zi, ■ ■ ■ , z q } 
and (not necessarily unique) gp € K{xi, . . . , x p , y±, . . . , y p , z\, . . . , z q } such that 

n 

(2.3) /(x + y,z) = Y, h a (*,z)y a + ^ y%(x,y,z). 

q|=0 \0\=n+l 

Furthermore, i/KdQ, we have 

a! 

the usual Taylor coefficients. 
2.2.3. Examples and non-examples. 

Example 2.13. The theory Com of commutative algebras is itself a Fermat theory, 
with ground ring Z. It is the initial Fermat theory. Similarly, ComR is the initial 
Fermat theory over K. 

Example 2.14. The theory C°° of C°°-algebras, with C°°(n,m) = C"°°(E n , R m ), 
the set of real smooth functions is a Fermat theory. This is Example 2.3. The 
category C°° is the full subcategory of smooth manifolds spanned by those of the 
form K™, and the ground ring of this theory is R. 
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Example 2.15. The theory C u of real analytic algebras, with 
C u (n,m) = C"(R",R rn ), the set of real analytic functions is a Fermat theory. It 
is equivalent to the full subcategory of real analytic manifolds spanned by those of 
the form R™. The ground ring is again R. 

Example 2.16. The theory H of complex holomorphic algebras, with H(n, m) = 
H(C n ,C m ), the set of complex holomorphic (entire) functions is a Format theory. 
The category is equivalent to the full subcategory of complex manifolds spanned 
by those of the form C™. The ground ring of this theory is C. 

Example 2.17. The theory H R of real holomorphic algebras, with H K (n, m) = 
if(R™,R m ), the set of those entire functions which are invariant under complex 
conjugation is a Fermat theory. The ground ring is R. 

Example 2.18. The theory C°° c with C°° c (n,m) = C°°(C",C m ), the set of 
functions which are smooth when viewed as functions from R 2 ™ to R 2m , is not a 
Fermat theory, as the Fermat property for complex-valued functions implies the 
Cauchy-Riemann equations. Likewise, the theory C LuC 1 defined analogously, is not 
a Fermat theory. 

Example 2.19. The theory C k of k times continuously differentiable real functions 
is not a Fermat theory for any < k < oo: given an / of class C k , the g appearing 
in (2.1) is only of class C* -1 . 

Example 2.20. As shown in [13], if E is a Fermat theory and A is any E-algcbra, 
the theory E^ of E-algcbras over A is also Fermat, with A as the ground ring. This 
gives many examples of Fermat theories. 

We have proper inclusions of Fermat theories 

Com R C H R C C u C C°°, Com! C Com c C H and H R C H, 
making various diagrams commute. 

Remark 2.21. As C is neither a C°°- nor C^-algebra, and nor is R an H-algcbra, 
putting superscripts instead of subscripts in our notation for the theories C°° , 
C and H K avoids possible confusion. However, notice that C is an HR-algebra, 
and H R = H. 

Example 2.22. Fermat theories have associated geometries. For instance, if X 
is a smooth (resp. real analytic, complex) manifold, its structure sheaf Ox is 
actually a sheaf of C°°- (resp. C u -, H-) algebras. If X is real analytic, Xc its 
complcxification, the C"-algebra structure on Ox does not extend to Ox c , but the 
underlying H R -structure docs extend to an H R = H-algcbra structure on Ox c ■ 

2.2.4. Evaluations at K-points. Let E be an extension of Com. For the initial E- 
algebra K, we can think of its E-algebra structure as a collection of evaluation 
maps 

(2.4) ev™ :K{x 1 ,...,x n } — >SetQK n ,K), n > 0, 

where, for / = f{x\, . . . ,x„) € K{xi, . . . ,x n } and p = (jp\, . . . ,p n ) € K™ we denote 

f(p) = f(p 1 , . . . , Pn ) = ev(/)(p) - ev p (/) e K. 
Notice that ev is in fact a map of E-algebras; in other words, 

ev p : K{xi , . . . , x n } — > K 
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is a morphism of E-algebras for each p. Furthermore, Set(K™, K) has a point- wise 
E-algebra structure making ev™ into a E-algebra map. 

The following proposition can be proved in several ways; the short proof below 
was suggested by E. Dubuc. 

Proposition 2.23. Let E be a Fermat theory, K = E(0). Then, given an arbitrary 
'Ei-algebra A, anyWL-algebra homomorphism : A — > K is a morphism oj E- algebras. 

Proof. Let / = Ker0. On one hand, by Corollary 2.8, there is a unique E-algebra 
structure on A/ 1 making the projection 7r : A — > A/ 1 an E-algebra homomorphism. 
On the other hand, notice that 4> is surjective (since it preserves units), hence it 
factors as <fi — </>o7r, where <f> : A/ 1 — > IK is a IK-algebra isomorphism. However, since 
IK is initial both as a IK-algebra and as a E-algebra, the E-algebra structure on IK is 
uniquely determined by its K-algebra structure; therefore, </> is also an isomorphism 
of E-algebras. It follows immediately that <j> is an E-algebra homomorphism. □ 

Corollary 2.24. Any ^L-algebra homomorphism 

P : K{xi, . . . , x n } — > K 
is of the form ev p for some p £ K n . 

Proof. P is in fact an E-algebra homomorphism by Proposition 2.23. The con- 
clusion follows by observing that K{xi, . . . , x n } is the free E-algebra on n genera- 
tors. □ 

2.2.5. Reduced Fermat theories. As the following examples show, the evaluation 
maps (2.4) need not be injective. 

Example 2.25. Let E = ConiK, where IK is a finite ring, with elements labeled 
k\, . . . , kjsf. Then the polynomial 

p(x) = (x - fci) • • ■ (x - k N ) 

evaluates to on every iel, and yet is itself non-zero (being a monic polynomial 
of degree TV). 

It is easy to see that this phenomenon cannot occur for ConiK with K containing 
Q. However, the next example illustrates that it can occur even for theories over 

Q. 

Example 2.26. Consider the C°°-algebra K = C°°(R)o of germs of smooth func- 
tions of one variable. It can be presented as the quotient of C°°(M) by the ideal 
consisting of those smooth functions f{x) which vanish on some neighborhood of 0. 
Let E = C°° K . It follows (cf. [20], p. 49) that K{y} is the quotient of C°°(]R 2 ) by 
the ideal consisting of those functions f(x,y) which vanish on some tubular 

neighborhood of the y-axis (i.e. a set of the form (— e, e) x R for some e > 0). If g 
is the germ at the origin of some function g(x) and [/] is the class modulo m^=o °f 
some function f(x,y), then ev s ([/]) is the germ of f{x, g(x)) at the origin. 

Now, let f(x,y) be a smooth function whose vanishing set contains some neigh- 
borhood of the y-axis but does not contain any tubular neighborhood. Then the 
class [/] € K{y} is non-zero, and yet ev 3 ([/]) = for all g. 

Definition 2.27. A Fermat theory E is called reduced if all the evaluation maps 
(2.4) are injective. 
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Thus, reduced theories are "theories of functions" in the sense that n-ary oper- 
ations are labeled by functions from K n to K. For instance, Comic is reduced for 
IK D Q, as are the theories C°°, C w , H and Hr. Non-reduced theories, such as the 
ones in Examples 2.25 and 2.26, can be viewed as pathological in some sense. We 
are now going to describe a functorial procedure of turning any Fermat theory into 
a reduced one. 

Definition 2.28. Given a Fermat theory E, define E re d by setting 
E red (n, 1) = Imev™ = E(n, 1)/Ker(ev"). 

Remark 2.29. As a category, one can describe E ro( j as the opposite category of the 
full subcategory of EAlg on algebras of the form E (n) / Ker(ev n ). As a conse- 
quence, one has that the free E re d-algebra on n-generators is E (n) / Ker(ev n ). 

Proposition 2.30. If E is a Fermat theory, E re d is a reduced Fermat theory. 
Moreover, the assignment E i— > E rc d is functorial and is left adjoint to the inclusion 

FTh rcd <H> FTh 

of the full subcategory of reduced Fermat theories. The same holds with FTh re- 
placed with FTh/Q or FTh K 

Proof. First, E rc d is in fact a theory since ev = {ev ra } ng N is a map of algebraic 
theories from E to Endjc (see Example B.18), and E red = Im(ev), as in Remark 
B.17; obviously, E rc d is reduced. 

To see that E rc d remains a Fermat theory observe that, in the Fermat property 
(2.1) for E, if / e Kcr(ev n+1 ), then g g Ker(ev" +2 ), and vice versa. 

The functoriality and adjointness are clear (the latter follows immediately from 
the presentation E rc d = E/Kcr(ev)). 

Finally, the last statement is simply the observation that reduction does not 
change the ground ring. □ 

Example 2.31. If E is as in Example 2.26, its reduction E re d can be described as 
follows. Let R{x, y 1} . . . , y n } = C°°(R n+1 ), the free C°°-algebra on n + 1 genera- 
tors. Then E(ra) = R{x, y u . . . , j/„}/m*^ while E red (n) = R{x, yi, . . . , y n }/m 9 x=0 , 
where m^ is the ideal of functions vanishing in some tubular neighborhood of 
the hyperplane x = 0, while rn^. =0 consists of functions vanishing in some (not 
necessarily tubular) neighborhood of x = 0. Clearly, m^ C m*_ ; in fact, m^ =0 
is the germ- determined closure of m^ , hence, viewed as C°°-algcbras, E rc d(n) is 
the germ-determined quotient of E(n). Specifically, E re d(n) consists of germs of 
smooth functions on R" +1 at the hyperplane x = 0. In fact, the free E ro d-algebras 
E rc d(n) are formed by adjoining variables to K = C°°(]R)o using the coproduct in 
the category of germ-determined C°°-algebras. We refer to [20] for the appropriate 
definitions and discussion. 

Let us conclude this section by constructing, for any ring K, the maximal reduced 
Format theory F(K) with IK as the ground ring. Indeed, the K-algcbra structure 
on K amounts to a map of Lawvere theories Conii —> Endjj, and any reduced 
Fermat theory with ground ring K is a subthcory of Endu, as we have seen. F(K) 
will be the maximal Format subthcory of Endjj. More precisely, we have 

Definition 2.32. Let / : IK™ — > K be a function. Given a k = 1, . . . , n, we say that 
/ is differ entiable in the kth variable if there is a unique function g^ : K n+1 — > IK 
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such that 

/(•■•, x, ...)-/(-.., y, ■■■) = (x - y)g k {. . . , x, y, . . .). 

This gk is then called the derived function of / with respect to the fcth variable. Say 
that / is differentiable if it is differentiable in all the variables. Given N > 1, say 
that / is N times differentiable if / is differentiable and all its derived functions are 
N— 1 times differentiable. Finally, say that / is smooth if it is N times differentiable 
for all N. 

Proposition-Definition 2.33. Let F(K)(n, 1) consist of all smooth functions 

f : K" -> K. 

Then F is the maximal reduced Fermat theory with ground ring K. 

Proof. To sec that F(K) is a subthcory of Endjj, just observe that the superposition 
of smooth functions is again smooth (the chain rule!). By construction, F(K) is 
a reduced Fermat theory with ground ring K and for any other Fermat theory E 
with ground ring K, the structure map E — » Endu for the E-algebra structure on 
IK factors through F(K). □ 

Example 2.34. F(K = C°°, while F(C) = H. We do not know what F(Q) is but it 
certainly contains all rational functions with coefficients in Q whose denominator 
has no rational zeros. 

2.3. Nilpotent extensions. 

Definition 2.35. Let I be a commutative ring, A a K-algebra. An extension of 
A (over K) is a surjective K-algebra homomorphism tt : A' — > A. A split extension 
of A (over K) is an extension n : A' — > A together with a section (splitting) i of 
7r which is also a K-algebra homomorphism. Such a split extension is called a split 
nilpotent extension if additionally, the kernel Ker (tt) is a nilpotent ideal. 

Remark 2.36. Warning: This notion of extension should not be confused with the 
notion of extension used in Galois theory! 

Remark 2.37. Notice that any K-algcbra map 

A^K 

is automatically surjective and split in a canonical way; a section is provided by 
the unique K-algebra homomorphism 

K^A 

Definition 2.38. A Weil K-algebra is a nilpotent extension of K (over K) which is 
finitely generated as a K-module. A formal Weil K-algebra is a nilpotent extension 
of K (over K). 

Remark 2.39. When K is a field, any formal Weil K-algebra A' has an underlying 
K-algebra of the form K © m, with m an nilpotent maximal ideal. Moreover, from 
the direct sum decomposition, every element of A' can be expressed uniquely as 
a = k + m with k G K and m nilpotent. If k ^ 0, a is a unit. If k — 0, a is nilpotent. 
Hence, A' is a local K-algebra with the maximal ideal m, and residue field K. 
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Remark 2.40. By Nakayama's lemma, if K is a field, it follows that A is a Weil 
K-algebra if and only if there exists a surjection 

7T : A -> K 

whose kernel is a finitely generated K-module. 

Let E be a Fermat theory with ground ring K. 
Proposition 2.41. Let A £ EAlg, and 

A'^^Ai 

be any split nilpotent extension of A$ in ComAlg K . Then there is a unique E- 
algebra structure on A' , consistent with its commutative algebra structure and mak- 
ing both the projection 

TT-.A'^A 

and the splitting l : A — > A' into E-algebra maps. Furthermore, for any ~Ei-algebra 
B, we have 

(1) Any W-algebra map : A 1 B such that the precomposition 

tp = * o i : A -> B 

is a map of E-algebras, is a map of 'E- algebras; 

(2) Any ^-algebra map $ : B — > A' such that the composition <f> = 7ro<i> : B — > A 
is a split map of ~E-algebras, with splitting a : A — > B such that 

$ o a = L, 

is a map of E-algebras. 

Proof. Any element of A' can be written uniquely as a sum a' — b(a) + a with 
a £ A and a G J\f = Kcr7r. Let n be the nilpotence degree of Af (so M n+1 = 0). 
The Taylor expansion (Corollary 2.12) now provides a unique evaluation of any 
operation in E on any tuple of elements of A'. More precisely, let / € E(fc, 1) and 

a[ = i(a 1 ) +ai,..., a' k = i(a k ) + a k e A'. 

Use the Taylor formula (2.3) to write 

n 

/(x + y)= ^ ^(x)y a + J2 y f3 9p(x,y), 

\a\=Q |£|=n+l 

and define 

n 

/(a' l! ...,4) = /(a')= Yl ^«(a))a". 

|a|=0 

Since the Taylor expansion is compatible with compositions (the generalized chain 
rule), this defines an E- algebra structure on A'. It is clearly compatible with its 
K-algebra structure and makes both l and tt into E-algebra homomorphisms. 

Now let us prove the properties (1) and (2) of this structure. For (1), observe 
first that the direct image ideal ^ , *(A r ) is also nilpotent of degree n. Using our 
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assumptions, we have 

n n 

*(/K,...,4)) = t (fc a (a))a ) = £ V(^(a))*(a) a 

|a|=0 |a|=0 

n 

= J2 M^(a))*(&) Q = /(V(a) + *(a)) 

|a|=0 

= /(*«),... 

To prove (2), let 6 S S and decompose 

$(6) = t7r$(6) + $(6) = t(f>(b) + Mb) 

with 

$(6) = $(b) - mt$(&) e TV. 

We can also decompose 

b = acj)(b) + b 

with 

b = b-a<f>(b) eKer<j>. 
Since $ is a K-algebra homomorphism, we have 

$(6) = <5>a<j)(b) + $(6) = i</>(6) + $(6). 

Hence, 

= *(6) g /v. 

Now let / e E(fc, 1), b = (&i, . . . , bk) € # fe - Using Taylor's formula and our 
assumptions, we have 

*(/(b)) = $(/M(b) + b)) 

n 

= *( ft Q (a0(b))b Q + £ b%M>(b),b)) 

|a|=0 1^1=71+1 

n 

= £ *<^(fc a (b))*(b)« + ^ $(b)^(^(a^(b),b)) 

a|=0 |j8|=n+l 
n o 

= Yl <4(h a (b))^f + ]T *(b) *(^(^(b),b)) 

|a|=0 |0|=n+l 
n 

= ]T t (ft a (0(b)))$(b) a 

|a|=0 

= /(#) + i(b)) = /($(b)). 



□ 



This has the following important consequences: 



Corollary 2.42. Let W be a formal Weil K-algebra. Then there is a unique E- 
algebra structure on W consistent with its 'K-algebra structure. Furthermore, it has 
the following properties: 

(1) Given an arbitrary E-algebra A, any K-algebra homomorphism A — > W or 
W ^ A is an ~E-algebra homomorphism; 
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(2) The algebraic tensor product A® W (over'K) coincides with the coproduct 
AQW of ~E-algebras; 

(3) The tensor product of finitely many formal Weil K-algebras is again a 
formal Weil "K-algebra. Similarly, the tensor product of finitely many Weil 
algebras is again a Weil algebra. 

Proof. To see that W supports a unique E-algebra structure making any K-algebra 
map to or from W a homomorphism of E-algebras, we invoke Propositions 2.41 and 
2.23. 

To see that A <g> W is the coproduct in E, observe first that since A ® ( ) is a 
functor, A <8> W is a split extension of A. Moreover, its kernel may naturally be 
identified with A®N = («w)» (AO , where N is the kernel of the extension W — > K, 
and 

i w :W ^ A®W 

is the canonical map. It follows that this kernel had nilpotency degree equal to that 
of Af, so that 

A®W^A 

is a split nilpotent extension. Hence A ® W supports a unique E-algebra structure 
making the canonical inclusions from A and W into E-algebra homomorphisms. 
Now, suppose we are given an E-algebra B and maps of E-algebras / : A — > B and 
g : W — > B. Then we get a unique K-algebra map f ® g : A®W — > B extending / 
and g. But then / £g) g is an E-algebra map by Proposition 2.41. 
For (3), notice that if 



and 




are nilpotent extensions, then 



7r ' :— 7r'o(id w / ®7r) 

y 



a" \ = {id w i ®cr)ocr' 

is a split extension of K with 

Ker (7r") = m 8 m' © (m ® m') , 

which is finitely generated as a K-modulc if both m and m' are. This implies (3) 
holds for Weil algebras. For the case of general nilpotent extensions, note that if 

i' w :W W' ®W 

and 

i w : W W ® W, 

are the canonical maps, then Ker (tt") = («vv)* ( m ') + (*vv)* (tTl) . If m is nilpotent 
of degree m and m' is nilpotent of degree n and, then it follows that Ker (tt") is 
nilpotent of degree m + n — 1. □ 
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Corollary 2.43. For any formal Weil K-algebra W, the co-unit 
is an isomorphism. 

Proof. This follows immediately from (1) of 2.42. □ 

3. Super Fermat Theories 
3.1. Superalgebras and superizations. 

Definition 3.1. Let K be a commutative ring containing |. A super commutative 
superalgebra over K (or supercommutative algebra) is a Z2-gradcd K-algcbra 

A = {Ao, Ai} 

which is associative, unital and satisfies 

a\a 2 = (-l) ei£2 a 2 ai 

whenever ai € A H , i = 1,2. We say that a is of (Grassman) parity e if a € A e ; we 
say it is even (rcsp. odd) if e = (resp. e = 1). Supercommutative superalgebras 
over K form a category, denoted by SComjcAlg, whose morphisms are parity- 
preserving K-algebra homomorphisms. 

Remark 3.2. We have 2a 2 = for any odd a; hence, by our assumption that \ G K, 
any odd a € A squares to zero. 

Remark 3.3. In our formulation, there is no such thing as elements of mixed parities 
in a super commutative algebra A, as A lacks an underlying set. Instead, it has an 
underlying Z2-graded set, that is a set of two sets {Aq, Ai}. Consequently, if a e Aq 
and b £ A\ , the expression a + b has no meaning. The advantage of this treatment 
is that it behaves nicely with respect to the fact that supercommutative algebras 
are algebras for a 2-sorted Lawvere theory. This viewpoint is not essential, as the 
category of super commutative algebras as defined in Definition 3.1 is canonically 
equivalent to the category non-commutative K-algebras A together with a grading 
A = Aq ® Ai, making A supercommutative, where the morphisms are algebra 
morphisms respecting the grading. If one would like, one may work entirely within 
the framework of uni-sorted Lawvere theories as in [25], but this makes things 
unnecessarily complicated and yields less flexibility. 

There is a forgetful functor 

u* : SCom K Alg — ► Set { ^ 1} 

to the category of Z2-graded sets, whose left adjoint u\ assigns to a pair of sets 
P = (Po\P±) the free supercommutative superalgebra on the set Po of even and the 
set Pi of odd generators. 

Definition 3.4. Given a K-algebra 1Z, the Grassmann (or exterior) IZ-algebra on 
n generators is the free supercommutative 72.-superalgebra on n odd generators. In 
other words, it is generated as an 7?.-algebra by odd elements . . . , £™ subject to 
relations 

+ ;"-T = o. 

Denote this algebra by (or simply A™ if 1Z = K) . 
Remark 3.5. (A^)o is a Weil 7^-algebra. 



20 



DAVID CARCHEDI AND DMITRY ROYTENBERG 



It is easy to see that the free supercommutative K-superalgebra on m even and 
n odd generators is nothing but with 1Z = K^cc 1 , . . . , x m ]. Denote this algebra 

by 

KbV..,*" 1 ;* 1 ,...,^]. 
Supercommutative superalgebras over K arc algebras over a 2-sorted Lawvcre the- 
ory SConiK, which we now describe. As a category, SCorriK is equivalent to the 
opposite of the category of finitely generated supercommutative K-superalgebras: 

SCom K (m|n) = K[x\ . . . , x m ;^, . . . , £"]• 

It is generated by the set {0,1} of Grassmann parities; the product of m copies of 
and n copies of 1 will be denoted by (m\n). The morphisms are 

SCom K ((™|n), (p\q)) = SCom K (m|n)g x SCom K (m|n)f , 

and the composition is defined by substitution. Notice that the ground ring of 
SCom K is SCom(0|0) = K. 

Observe that CorriK sits inside SCorriK as the full subcategory of "purely even" 
objects of the form (m|0), meN. Clearly, the embedding 

i : CorriK — > SComK, m n- (m|0), 

is a morphism of algebraic theories, hence induces an adjunction 

Com K Alg<==^SCom K Alg , 

such that i* A = Ao, while l\A = {A, 0} (the superalgebra with even part equal to 
A and trivial odd part). 

We now observe that the 2-sorted Lawvere theory SCorriK satisfies a natural 
generalization of the Fermat property: 

Suppose that / is an clement of K[x, z 1 , . . . , z m ; . . . , £"]. Then / can be ex- 
pressed uniquely in the form 

/(x, z ,o= E 

/C{l,...,n} 

where if I = {ii, . . .i k } , 

with each f 1 in K[x, z 1 , . . . , z m ). (If / is even, f I = for all / with odd cardinality, 
and vice- versa for / odd.) By the Fermat property for CorriK, for each 

Id {l,...,n}, 

we can choose g I {x 1 y, z) s K[x, y, z 1 , . . . , z m ], such that 

f(x,z) - f(y,z) = (x-y) ■ g*(x, y, z) . 

Let 

g(x,y,z,$:= ^ g J (x, y, z) e K[x, y, z\ . . . , z m ; . . . , f 1 ]- 

/C{l,...,n} 

Then we have that 

(3-1) / (x, z, £) - / (y, z,£) = (x-y)-g (x, y, z, ^) . 

Moreover, it is not hard to see that g (x, y, z, ^) is unique. 
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Suppose now that the role of x and y are played by odd generators. That is, 
suppose / e Kfo 1 , . . . , x m ;r), . . . ,£"]. Then since rj 2 = 0, / can be uniquely 
expressed in the form 

/(x,^)= E hI ?+v-\ E .^ 7 )' 

ZC{l,...,n} \JC{l,...,n} / 

with h 1 and g J in IK [a; 1 , . . . , x m ]. Let 

ft(x,0:= E W 

ZC{l,...,n} 

and 

/C{l,...,n} 

Then we have 

f(x,r,,0 = h(x,0 + ri-g(yL,0. 

Notice that h is the value of / at 77 = while g is the partial derivative ^ of / 
with respect to rj. Furthermore, we have the following: 

(3.2) / (x, 77, ~ / (x, 6, = (v-8)-g (x, . 

Regarding g (x, £) as g (x, 77, 0, £) g Kfx 1 , . . . , x m ; 77, 9, . . . , £"], we have that 

(3.3) / (x, 77, - / (x, 0, = - 9) ■ g (x, 77, 9, . 

Note however that g (x, 77, 0, £) is no£ unique with this property; one could also use 
.g(x,£)+77-jj(x,£)+#-g(x,£), 

for any p and q. However, by differentiating (3.3) with respect to 77 and 9, one sees 
immediately that there is a unique such g (x, 77, 9, £) such that 

®! = = 

in other words there exists a unique g which is only a function of x and £. 
This motivates the following definitions: 

Definition 3.6. Let 

rs : SCom -> S 

be an extension of SCom as a 2-sorted Lawvere theory, where implicitly 

SCom = SCom z . 

w 

Without loss of generality, assume the objects are given by pairs (m|n) with m 
and n non-negative integers, such that rg is the identity on objects when SCom is 
equipped with the usual sorting. Denote by 

S(0|0) =: K 

the initial S-algebra. The free S-algebra S (m\n) is called the free S-algebra on m 
even and n odd generators, and is denoted by 

Kfjr 1 , . . . x m ; . • • > £"}• 
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Definition 3.7. An extension S of SCom Z [i] is called a super Fermat theory if 
for every 

f€K{x, Zu ...,z n -,e,---,e} 

there exists a unique g € y, z\, . . . , z n ; £ , . . . , £"} such that 
(3-4) f(x, z, £) - f(y, z, £) = (x - y) ■ g{x, y, z, £), 

and for every y G Kjx 1 , . . . , x m ; ?7, £ x , • • • , £ n } there exists a unique 

^Klx 1 ,..,^^ 1 ,..^} 

such that 

(3.5) <p (x, 7 7 , - cp (x, 0, = - 0) • V (x, • 

Denote by SFTh the full subcategory of 2-sorted Lawvere theories under SCom Z [ i j 
consisting of those which are super Fermat theories. 

Proposition-Definition 3.8. Let E be a Fermat theory with ground ring K 9 h. 
There exists an algebraic theory SE, the superization of E, with the set {0, 1} of 
Grassmann parities as sorts, and with operations given by 

SE((m|n), (p\q)) = SE(m|n)g x SE(m|n)?, 

where 

SE(m|n) = E(m) ® K A™. 
^4n E-superalgebra is a S~E-algebra. 

Proof. The only thing to check is that the composition by substitution is well- 
defined. To this end we observe that, as Aq is a Weil algebra, 

SE(m|n)o = E(m) <g> A£ 

has a canonical E-algebra structure by Corollary 2.42. Now let 

f = f{x\...,x*> ] e,---,i q )= E fii-i k (x 1 ,---,x p )e i ---e k 

k>0 
ii <---<ife 

be an element of SE(p|<?) (with /^..^ g E(p) = Kja; 1 , . . . ,.t p }). 

Let g 1 ,. .. ,g p e SE(m|n)o, and 7 1 , . . . , j g £ SE(m|n)j_. It follows that 

k>0 
il<---<ik 

is a well-defined element of SE(m|n), of the same parity as /. 

□ 

Notation. Let 

Mr 1 r":C C\ 

denote the free SE-algebra on m even generators x 1 , . . . , x n and n odd generators 

Proposition 3.9. If 'E is a Fermat theory over (i.e. its ground ring K contains 
■7}), its superization SE is a super Fermat theory. 

Proof. The proof is nearly identical to the proof of the super Fermat property for 
SConiK, so we leave it to the reader. 

□ 
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Example 3.10. Let E = C°° (Example 2.14). Its superization is the theory SC°° 
of C°°-superalgebras. The free C°°-superalgebra R{a; 1 , . . . , x m ; £ 1 , . . . , £"} on m 
even and n odd generators is known as the Berezin algebra. It is often denoted by 
C°°(R m '™) and thought of as the superalgebra of smooth functions on the (m|n)- 
dimensional Euclidean supermanifold R m l™. Thus, SC°° is the category of real 
finite-dimensional Euclidean supermanifolds and parity-preserving smooth maps 
between them. 

Suppose that M. is a smooth supermanifold. It induces a functor 
C°° (M) : SC°° -> Set 

E m|n i y Horn (M,K m| ") , 

which preserves finite products. This SC°°-algebra is the C°° -superalgebra of 
smooth functions of M. . By construction, its even elements correspond to smooth 
functions into K in the traditional sense: 

M ^M = K 110 , 

whereas its odd elements correspond to smooth functions into the odd-line: 

M -> R 0|x . 

The underlying supercommutative IR-algebra of C°° (VW) is the global sections of its 
structure sheaf. More generally, the structure sheaf of any smooth supermanifold 
M. is in fact canonically a sheaf of C°°-superalgebras. 

We will now give a more categorical description of superization. Let S be any 
2-sorted Lawvere theory. Denote by So the full subcategory on the objects of the 
form (n|0) . Notice that So is generated under finite products by (1|0) , so So is a 
Lawvere theory. As the notation suggests, the free So-algebra on n generators has 
underlying set 

Hom Sa (n,l) = Horns ((n|0) , (1|0)) 
= S((n|0)V 

This produces a functor 

( ) fl : LTh { o, i} -> LTh 

from 2-sorted Lawvere theories to Lawvere theories. By abuse of notation there is 
an induced functor 

( )„ : SCom z[|| /LTh {M} Com z[ i,/LTh. 

Notice that if S is a super Fermat theory, then (3.4) implies that So is a Fermat 
theory. Hence there is furthermore an induced functor 

( ) : SFTh ->• FTh 

from super Fermat theories to Fermat theories. 

On one hand, the superization of Comic is obviously SCorriK so we have a map 
of theories SComjc — > SE induced by the structure map Comjc — > E. On the 
other hand, we also have a fully faithful embedding E — > SE sending m to (m|0). 
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The diagram 

(3.6) Com K ► E 



SComK > SE 

commutes. Therefore, we have a map of theories 

cf> : C = SCorriK ]J[ E > SE 

Com K 

Proposition 3.11. The map </> is an isomorphism. 

Proof. The operations in the pushout C are formal superpositions of operations 
in SComK and E, subject to relations enforcing compatibility with the ConiK- 
operations. The map <j> is clearly onto since every operation in SE is a superposition 
of E-operations and exterior multiplication. 

To see that </> is injective, consider a formal superposition 

f(Pi + n,... ,p n + r„), 

where / G E(n), p%, . . . ,p n £ K[a; 1 , . . . , x m ] and n, . . . ,r n are nilpotent even el- 
ements of Klx 1 , . . . , x m ; £ q }. Using the Taylor formula (2.3) for / with re- 
mainder of degree higher than the sum of the nilpotency degrees of all of the rj 's 
and the consistency with ConiK-operations, we deduce that the formal superposi- 
tion above evaluates to a unique element of SE((m|g), (1|0)) (the uniqueness follows 
from the uniqueness of the Taylor polynomial). □ 

As a Corollary, we get a categorical description of supcrization: 

Corollary 3.12. The functor 

S : FTh -> SFTh 

is left adjoint to 

( ) : SFTh -> FTh. 

Remark 3.13. The unit of S H ( ) is always an isomorphism. Hence FTh is a 
coreflective subcategory of SFTh. In particular, ( ) is full and faithful. 

Corollary 3.14. An E- superalgebra is a superalgebra with an additional ~E-algebra 
structure on its even part; a morphism of E-superalgebras is a morphism of super- 
algebras whose even component is a morphism of 'E- algebras. 

Remark 3.15. For any extension E of Com (not necessarily Fermat), we could 
simply define SE to be the pushout C (3.6). However, this notion would not be 
very useful since one would generally have too few interesting examples of SE- 
algebras unless E was Fermat. For instance, if E = C k for some k < oo (Example 
2.19), even the Grassmann algebras A™ are not E-superalgebras for n sufficiently 
larger than k. 

One can draw the same conclusions from this "super" Fermat property as we 
did from the Format property (2.1). For instance, we have 

Corollary 3.16. Let S be a super Fermat theory, A € SAlg, I = {Iq, IiJ a 
homogeneous ideal. Then I induces an ^-congruence on A, so that the superalgebra 
A/ 1 is canonically an S-algebra and the projection A — s- A/I is an S-algebra map. 
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Remark 3.17. The ground ring IK = S(0|0) of a super Fermat theory S is generally 
a superalgebra, whereas for S = SE it is an algebra (i.e. has trivial odd part). 
This indicates that not all super Fermat theories arise as supcrizations of Fermat 
theories. 

Example 3.18. Let A £ SEAlg. Then the theory SE^ of ^4-algebras enjoys the 
super Fermat property. If A has trivial odd part, SE.4 = S(E^); otherwise, SE^ 
is not the superization of any Fermat theory. 

Lastly, we comment on two ways of turning a superalgebra into an algebra. We 
already mentioned the inclusion of theories 

l : E — > SE, m ^ ( m |0) 

inducing the adjunction (l* h ti): 

EAlg^=+SEAlg, 

with l* taking an E-superalgebra A to its even part Aq , while l\ takes an E-algebra 
B to the E-superalgebra {£>,0}. 

Now, observe that the inclusion t has a right adjoint 

7r : SE — > E, 

defined on objects by n(m\ri) = m for all n, and on morphisms by setting all the odd 
generators to 0. Since ir is a right adjoint, it preserves products and is, therefore, 
a morphism of algebraic theories (though not of Lawvere theories, as it fails to 
preserve generators). Hence it induces an adjunction 7r* h m: 

SEAlg±=>EAlg 

7T! 

Moreover, n* and i\ are naturally isomorphic (Remark A. 38), so the inclusion it of 
algebras into supcralgcbras has also a left adjoint, m, sending a superalgebra A to 
the algebra A Y d = A/(Ai) = Aq/(Ai) 2 . Here, (Ai) denotes the homogeneous ideal 
generated by Au namely, (Ai) i = A\, {A\)o = A\ . 

Observe that _4 r( j is generally different from -4. re d obtained by setting all the 
nilpotents to 0, since A$_ may contain nilpotent elements which are not products 
of odd elements. Moreover, although each element in Ai is nilpotent, the ideal A\_ 
is not, unless A is finitely generated as an _4o- a lgebra: otherwise, one can have 
non- vanishing products of arbitrarily many different odd elements. 

3.2. Nilpotent Extensions of Superalgebras. The concepts of split nilpotent 
extensions, and of Weil algebras, generalize readily to the setting of supcrcommu- 
tative algebras: 

Definition 3.19. Let K be a supercommutative ring, A a IK-algcbra. A split 
nilpotent extension of A is a K-algebra A' together with a surjective K-algcbra 
homomorphism tt : A' — > A such that N = Kcr7r is a nilpotent ideal, and a section 
(splitting) a of 7r which is also a K-algebra homomorphism. 

A (super) Weil ~K-algebra is an extension of K which is finitely generated as a 
super K-modulc. 
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Remark 3.20. When K is a purely even algebra (for instance, a field), the phrase 
"Weil K-algebra" is ambiguous as it could either mean a Weil algebra when viewing 
IK as a commutative algebra, a Weil algebra viewing IK as a supercommutative 
algebra. We shall always mean the latter, and if we need to distinguish, we will call 
the former a purely even Weil K-algcbra. In this context, by Nakayama's lemma, 
any Weil algebra is a split nilpotcnt extension, but the converse is false 

Remark 3.21. When K is a field, any split nilpotent extension A' of K has an 
underlying K-algcbra of the form K © m, with m an nilpotcnt maximal ideal, and 
A' is a local K-algebra with unique maximal ideal m, and residue field K. Moreover, 
m must contain Ai , since K is purely even. 

Let E be a super Fermat theory with ground ring K. Proposition 2.41, and its 
proof readily generalizes to the supercommutative case: 

Proposition 3.22. Let A € EAlg, 7r : A' — > A$ any split nilpotent extension of 
A$ in SComAlg K . Then there is a unique 'Ei-algebra structure on A' , consistent 
with its supercommutative algebra structure and making both the projection 

7T : A' -> A 

and the splitting a : A — > A' into E-algebra maps. Furthermore, for any 'Ei-algebra 
B, we have 

(1) Any 'K-algebra map : A' — > B such that the precomposition 

i> = * o L : A -> B 

is a map of E-algebras, is a map of E- algebras; 

(2) Any K-algebra map <£> : B — > A' such that the composition <f> = 7ro$ : B — > A 
is a split map of E- algebras, with splitting a : A — > B such that 

$ o a = l, 

is a map of E-algebras. 

Corollary 3.23. Let W be a split nilpotent extension o/K in SComAlg K . Then 
there is a unique ^-algebra structure on W consistent with its super K-algebra 
structure. Furthermore, it has the following properties: 

(1) Given an arbitrary ~E-algebra A, any super K-algebra homomorphism A — > 
VV or W — > A is an ~E-algebra homomorphism; 

(2) The algebraic tensor product A <g> W (overK) coincides with the coproduct 
A(dW of E- algebras; 

(3) The tensor product of finitely many (super) Weil algebras is again a Weil 
algebra. 

Corollary 3.24. For any formal Weil K-algebra W, the co-unit 

Wo -> w 

is an isomorphism. 

Remark 3.25. Proposition 3.22, Corollary 3.23, and Corollary 3.24 (as well as 
Proposition 2.41, Corollary 2.42, and Corollary 2.43) remain valid for a larger class 
of examples. One can define a locally nilpotent extension in the same way as a 
nilpotent extension, with the role of nilpotent ideals generalized to locally nilpo- 
tent ideals. Recall that an ideal / is locally nilpotent if every finitely generated 
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subideal of / is nilpotent. This is equivalent to asking for each element of the ideal 
/ to be nilpotent. The reason for this is that the operations of E are finitary; 
therefore, to evaluate an operation on a finite tuple of elements, we need only use 
the Taylor expansion up to the nilpotence order of the subideal generated by their 
nilpotent parts, rather than of the whole ideal, which may be infinite. 

An important example of a locally nilpotent but not globally nilpotent extension 
is an infinitely generated Grassmann algebra. 

3.3. Some constructions. 

3.3.1. Ideals. Recall that, given a supercommutative superalgebra A and homo- 
geneous ideals Ii,...,I r of A, we can form their sum Efcifc, product Yik Ik and 
intersection (~} k Ik, which are again ideals of A. Two ideals I,JcA are called 
coprime if I + J = (1). 

The following is a standard fact from commutative algebra (see [4], the proof 
given there carries over verbatim to the super case) . 

Proposition 3.26. Let Ak = A/Ik, k = 1, . . . , r, let <f>k : A — > Ah be the canonical 
projections and let 

<f> = (4> x ,...,4> r ) : A — > Y[A k . 

k 

(1) If the ideals I\, . . . , I r are mutually coprime, then J^[ fc I/. = I k ; 

(2) The homomorphism <f> is surjective iff the Ik 's are mutually coprime; 

(3) In any case, Ker0 = C\ k Ik- 

Let <p : A — > B is a homomorphism of superalgcbras and / C A is a (homoge- 
neous) ideal, we can form its direct image <j)^I C B as the ideal (4>(I)) generated by 
the image of / under <f>. It consists of finite sums of homogeneous elements of the 
form b<j){a) with b € B, a € I (in other words, 

as a B- module). 

Proposition 3.27. (1) <f>* preserves arbitrary sums and finite products of ideals; 
(2) if I, J d A are coprime, so are ip^I and (j>*J. 

Proof. Left to the reader. □ 

Now let S be a super Fermat theory with ground ring K. Recall that S- 
congruences on S-algebras are the same thing as homogeneous ideals in the under- 
lying superalgcbras. Let A G SAlg and let P = (PojPi), where Pq C Aq, P\ C A\ 
are subsets; let (P) denote the homogeneous ideal generated by P. Observe that 
the quotient A/{P) is the cocqualizcr of the pair of maps 

S(P) =$ A, 

where the top map sends each generator x p to the corresponding element p € A, 
while the bottom one sends each x p to 0. The following is then immediate: 

Proposition 3.28. Let F : S — > S' be a map of super Fermat theories, 



SA1 E < ^ S'Alg 
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the corresponding adjunction, A <G SAlg, I C A a homogeneous ideal. Then 

Fi(A/I)=EA/uJ, 

where 

u:A — > F*F\A 

is the unit of the adjunction. 

3.3.2. Completions, coproducts and change of base. Applying the above proposition 
to the special case of the structure map SCorriK ->Swe get: 

Corollary 3.29. Let A € SCorriKAlg, I C A a homogeneous ideal, A € SAlg 
the S-algebra completion of A. Then 

A/I = A/I, 

where I = u*I for u : A — > {A)$ the unit of the adjunction. 

Let now B G SAlg. The map u : K — > B induces a map of theories S — > Sg; the 
corresponding adjunction takes the form 

SAlg ' ( )Q " _^S B Alg = £/SAlg 

B0 K ( ) 

where the right adjoint is simply precomposition with it, i.e. it is the functor 
assigning the underlying S-algebra, while the left adjoint is the change of base. 
Notice that the unit of the adjunction is the canonical inclusion into the coproduct: 

L : A — >B(I)A. 

Corollary 3.30. If A £ SAlg ; I C A a homogeneous ideal, then 

B&(A/I) = {B®A)/lJ 
Corollary 3.31. Let Ai G SAlg, I L C Ai homogeneous ideals, i — 1,2. Then 

(Ax/h) (A 2 /I 2 ) - (Ai A 2 )/{ix,Jx + ta.-Ia), 
where li : Ai — > Ai Ai are the canonical inclusions. In particular, if 

Ai = S{Pi)/Ii, 

are presentations, then 

AxQA 2 = S(Pi H P 2 )/(n,*Ii + i2,*h). 

3.3.3. Products. As is the case for all algebraic theories, products of S-algebras are 
computed "pointwise", i.e. on underlying sets. What is quite remarkable is that, 
in sharp contrast with general algebraic theories, finite products are preserved by 
the left adjoints of algebraic morphisms between categories of algebras over (super) 
Fermat theories. 

Theorem 3.32. Let F : S — > S' be a morphism of super Fermat theories. Then 
F\ : SAlg — > S'Alg preserves finite products. 

Proof. Let A\, . . . , A r be S-algebras, and 

A = l[A k 

k 
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their product. Pick any presentation of A, i.e. a pair of sets P = (Po, Pi) and a 
surjective homomorphism 

(j> : S(P) — > A 

Composing with the canonical projections, we get surjective homomorphisms 
^ fc :S(P)— >Ab, fc = l,...,r, 

so that 

0= (01,..., 0r). 

Let 7fc = Ker for each k, and I = Ker </>, so that 

A = S(P)/4 and A = S(P)/I. 
Since 4> is surjective, the Ik's arc mutually coprime by Proposition 3.26. Therefore, 

k k 

Now apply Ft. We have 

FA fe = S'(P)/w*4 

by Proposition 3.28, and the ideals are mutually coprime by Proposition 3.27. 
Therefore, the map 

= (P0!, . . . , F,0 r ) : S'(P) — > J] Pi A 

is surjective by Proposition 3.26 and its kernel is 

Kerip = P|M*/fc = ]^[u*/fe = u*(JJifc) = u*I 

k k k 

by Propositions 3.26 and 3.27. Therefore, 

JJPA = S'(P)/u,J = F,A = P(J] A) 

and ip = F\<f>. □ 

Corollary 3.33. (1) For any super Fermat theory S wit/i ground ring K, i/ie 
completion functor 

O : SCom K Alg — > SAlg 

preserves finite products; 
(2) /or ant/ S-algebra B, the change of base functor 

80 ( ):SAlg^S B Alg 

preserves finite products. 

Remark 3.34. One can easily see by repeating the above arguments (or by re- 
striction) that the results of this subsection remain valid for morphisms of Fermat 
theories (not super), and more generally, for morphisms of algebraic theories (over 
Com) between Fermat theories and super Fermat theories. 

Remark 3.35. In general, for a morphism F : T — > T' of algebraic theories, the 
left adjoint F\ seldom preserves products. For instance, the free T-algcbra functor 
Set — > TAlg almost never does. 
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Remark 3.36. Although they preserve finite products, left adjoints of algebraic 
morphisms of categories of algebras over (super) Fermat theories generally fail to 
preserve other finite limits. For instance, consider the structure map Coma — ► C°° 
and the corresponding C°°-complction functor 

O : Com R Alg — ► C°°Alg. 

The equalizer of the shift by 1 map 

4> : R[x] — > R[x], xi->x + l 
and the identity is R, while the equalizer of 

: R{x} — > R{x} 

and the identity is isomorphic to C°°(5' 1 ): there are no non-constant periodic 
polynomials, but lots of periodic smooth functions. 

3.3.4. Localizations. We end this section by giving a brief account of localization 
in the context of super Fermat theories. If E C A is any subset of a E-algebra A, 
with E a (super) Fermat theory, one can form the localization of A with respect to 
E, ^{ST 1 } . There is a canonical E-algebra map 

I -.A^A^- 1 } 

which satisfies the following universal property: 
Given any E-algebra B, any E-algebra map 

ip:A^B 

which send every element of E to a unit extends uniquely to a E-algebra map 

„4 {XT 1 } -> B. 

Even in the case where E is multiplicatively closed, the localization of A with respect 
to E can not usually be computed by the methods customary to commutative 
algebra. However, the universal properties of ^4{E -1 } give rise to a canonical 
presentation. Let 

„4{S} = AQ K{E} = A{(x s ) s ^} , 

where K{E} is the free E-algebra on |E|-generators (or the free E-algebra on | Sol- 
even generators and |Ei|-odd generators, in the super case). Then 

^{S- 1 } =A{(x s ) seS }/((l-s-x s )), 

where ((1 — s ■ x s )) is the ideal generated by all elements of the form 1 — s ■ x s , for 
some s g S. 

For certain Fermat theories (besides those of the form Comjc), e.g. the theory 
of C°°-algebras, other descriptions of localizations are possible. For example, if 
/ G C°° (R n ) , and S = {/} , then 

c°° (r){r 1 } = c°°(c/), 

where 

U = f- 1 (R/{0}) 

(c.f. [20]). 
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4. Near-point Determined Algebras 

In this section, we introduce for a (super) Format theory E its subcategory of 
near-point determined algebras. We then go on to prove many of their pleasant 
properties. 

4.1. Radicals. In this subsection, let E be either a Fermat theory or a super 
Fermat theory, and let Q be a full subcategory of EAlg. 

Definition 4.1. Given an A G EAlg and Q G Q, an Q-point of A in & homomor- 
phism p : A —> Q; an Q-point of A is an Q-point for some Q G Q. 

Definition 4.2. An ideal P of a E- algebra A is said to be an Q-ideal if P is the 
kernel of some Q-point p. Denote the set of Q-idcals by Specq (A) . Let I be an 
arbitrary ideal of A. Define the Q-radical of / to be the ideal 

JKoDq {I) f| P. 

PDI 
P£Spec Q (A) 

We call 5HaOQ (0) the Q-radical of A, and will denote it by £Hq (.A) . 

Remark 4.3. Assume that E = Com. If Q is the subcategory of integral domains, 
then an Q-ideal is the same as a prime ideal, so Specq (A) is the prime spectrum 
and the Q-radical of A is the same thing as the nilradical. When Q is the sub- 
category of fields, an Q-ideal is the same thing as a maximal ideal, Specq (^4) is 
the maximal spectrum, and the Q-radical of A is the same thing as the Jacobson 
radical. Another example is the W-radical considered in [15], Section III. 9, and is 
closely related to the concept of near-point determined algebras discussed in Section 
4.2.1 of this paper. 

Proposition 4.4. For any ideal I of a E-algebra A, we have 

1) D\ad Q (I) = ny 1 (<K Q {A/ 1)) , where 

m :A^> A/I 

is the canonical projection. 

2) <KaO Q (fRaOq (/)) = fRaOq (/) . 

Proof. Condition 1) follows immediately from the lattice theory of ideals. For 2), 
observe that for any Q-point p of A, such that Kcr (p) D I, p (a) = for all 
a G O'laOq (I) , by definition. □ 

Corollary 4.5. For every ^-algebra A, 5Ha0q (^Rq (A)) = *Kq (A) . 

Proposition 4.6. For a E-algebra A, the following conditions are equivalent: 

1) m Q (A) = o. 

2) There is an embedding 

A^J[Q a 

a 

of A into a product of algebras in Q. 

3) For any pair of maps f , g : B — > A we have 

VfiG Q, Vp:A^ Q, pof=pog => f = g. 

4) For any element a G A, if p(a) = for all Q-points p, then a = 0. 
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Proof. Suppose 1) holds. Choose for each Q-ideal P a homomorphism A —> Qp 
with Qp e Q whose kernel is P, and denote the associated embedding 

A/P ^ Q P 

by ip p. Denote 

n vp- n A / p ^ n q ^ 

P£Spec Q (A) PeSpec Q (.4) PeSpec Q (.4) 

and consider the canonical composite 

a n A ' pJ ^ n ^- 

PGSpec Q (.A) PeSpec Q (.4) 

The kernel of is flaOcj (A) = 0, hence the composite is an embedding of A into a 
product of algebras in Q. 2) =>■ 3) is obvious. Now, suppose that 3) holds. For 
simplicity, we will assume that E is Format as opposed to super Fermat, however 
the proof for the super case is nearly identical. Suppose that a £ A has p(a) =0 
for every Q-point of A. Consider the free E-algebra on one generator, K{x}. There 
is a natural bijection 

Hom(K{i-},i) =A, 

where A is the underlying set of A. Each object t of A corresponds to a unique 
morphism : K{x} —> A sending x to t. Now, poA^ 1 = po Aq , for all p : A —> <2, 
with Q £ Q, since both expressions are equal to Aq , the morphism 

K{x} S 

classifying the element € Q- Assuming 3), it follows that \^ = A^ 1 , hence a = 0. 
4) =>■ 1) is obvious. □ 

Definition 4.7. If an E-algebra .4 satisfies cither of the equivalent conditions of 
Proposition 4.6, it is said to be Q-point determined. Denote the full subcategory 
of Q-point determined algebras by EAlgq dot . An ideal I is said to be Q-point 
determined if *KciI)q (7) = /. 

Remark 4.8. If A is Q-point determined, than any sub- E-algebra B of A is also 
Q-point determined. 

Remark 4.9. Assume that E = Com. If Q is the subcategory of integral domains, 
then a commutative ring is Q-point determined if and only if it is reduced. When 
Q is the subcategory of holds, a commutative ring is Q-point determined if and 
only if it is Jacobson scmisimple (a.k.a scmiprimitivc) . 

Proposition 4.10. Let A be any E-algebra, and I an ideal. Then A/ 1 is Q-point 
determined if and only if I is. 

Proof. For any ideal J of A such that J D I, tti ( J) = if and only if J = I, where 

717 : A -> A/I 

is the canonical projection. Hence 

m Q (A/ 1) = ttj (md Q (/)) = o 

if and only if ^HaOq {I) =1. □ 
Corollary 4.11. For any A, A/91q (A) is Q-point determined. 
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Proposition 4.12. Let I be an ideal of A. Then I is Q-point determined if and 
only if I is the kernel of a homomorphism f : A — > B, with B a Q-point determined 
algebra. 

Proof. Suppose that I is Q-point determined. Then by Proposition 4.10, A/ 1 is 
Q-point determined, and I is the kernel of 

A -> A/I. 

Conversely, suppose that / : A —> B and B is Q-point determined. Then A/ Ker (/) 
is a sub-E-algebra of B, so is Q-point determined. So by Proposition 4.10, Ker (/) 
is Q-point determined. □ 

Proposition 4.13. The assignment A i— > A/9\q (A) extends to a functor 

L Q : EAlg -> EAl gqdct 

which is left adjoint to the inclusion, with the unit tja : A — > A/91q given by the 
canonical projection. 

Proof. If 4> : A — > B is a map and a G D\q (A), then for every Q G Q and every 
.g : B — s- Q we have g(<j>(a)) = (g o (f>)(a) — 0, so 0(a) € 5Hq (23), and thus 7q is 
indeed a functor. It is left adjoint to the inclusion with the described unit since 
any map from an arbitrary A to an Q-point determined B must send the elements 
of *Hq (A) to 0, hence factors uniquely through t\a- O 

Remark 4.14. Given a subcategory Q of EAlg, we may consider its saturation Q 
with respect to arbitrary products and subobjects, i.e. the smallest subcategory 
of EAlg which is closed under arbitrary products and subobjects, which contains 
Q. On one hand, by Proposition 4.6, the category of Q-point determined algebras 
is contained in Q. On the other hand, by Proposition 4.13 the full subcategory 
EAlgq dct is reflective, hence closed under arbitrary limits. In particular, it is 
closed under arbitrary products. Moreover, by Remark 4.8, EAlgq dct is closed 
under subobjects. Hence, Q is contained in EAlgq dct . Therefore the subcategory 
EAlgq dct of EAlg may be identified with the saturation Q. Notice that this notion 
of saturation makes sense in a much more general context, even where many of the 
various equivalent conditions in Proposition 4.6 do not make sense. 

Recall that the radical of an ideal I in a commutative ring A is given by 

V7 = {a G A\ a" G I for some n G Z + }. 

This is the same as ^HaOq (I) , when Q is the subcategory of ComAlg consisting of 
integral domains. An important property of the radical is that for any two ideals I 
and J of A, 

(4.1) vTnl = V/n VJ. 

An analogous equation holds for the Jacobson radical of ideals. A natural question 
is, for Q any subcategory of EAlg, when does (4.1) hold? The following proposition 
answers this question: 

Proposition 4.15. A subcategory Q o/EAlg satisfies 

(4.2) mat) Q (7 ("1 J) = Kaflq (I) n mad Q ( J) 

for all A G EAlg and all I and J ideals of A, if and only if each Q in Q is an 
integral domain. 
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Proof. Suppose that each Q in Q is an integral domain. Notice that the inclusion 

<KaO Q (I n J) C IHaOQ (I) n 5KaO Q (J) 
is always true. It suffices to show the reverse inclusion. Let 

be an Q-point of A, such that p (I PI J) = 0. Notice that IJ Q I !1 J, so 
(4.3) P(ij)=p(i)p(j) = 

for all i S 7 and j € J. Suppose that p (I) 7^ 0. Then there exists i £ I such that 
p (i) 7^ 0. In this case, equation (4.3) holds in Q, which is an integral domain. It 
follows that p (j) = 0, for all j € J, i.e. p (J) = 0. So, for every Q-point p, either 
Ker (p) contains I or it contains J. It follows that 

<KoD Q (I) n mad Q (J) C fRaOQ (I n J) . 

Conversely, suppose that Q is such that (4.2) holds for all A, and all ideals I and 
J. Let Q be an E-algebra in Q, and suppose that s, s' G Q are such that ss' = 0. 
Consider the unique homomorphism 

p : K{x,x'} -> Q 

sending x to s and x' to s'. This is an Q-point of K{a;, a;'} such that 

Ker (p) D (a) n (y) = (xy) , 

since 

p (xy) = ss' = 0. 

It follows that cither p annihilates (x) or (y) , so cither s = or s' = 0. □ 

If Q does not consist entirely of integral domains, equation (4.2) may still be 
satisfied for coprime ideals, as the following proposition shows: 

Proposition 4.16. If every algebra Q in Q is a local 'Ei-algebra, then for all E- 
algebras A and all coprime ideals I and J of A, equation (4-2) holds. 

Proof. It suffices to show that if p : A — > Q is an Q-point of A such that 

P (in J) = o, 

then either p(I) = or p (J) = 0. Since I and J are coprime, there exists £ € I 
and uj € J such that 

C + w = 1. 

Hence 

p(C)+P(w) = 1. 

Since Q is local, either p (£) or p (w) is a unit, otherwise they would both be in the 
unique maximal ideal m of Q, but this would imply that 1 G m, which is absurd. 
Assume without loss of generality that p (£) is a unit. Then, for all j E J, 

p(0')=p(C)p(i) = o, 

and since p (£) is a unit, this implies p (j) = 0, for all j £ J. □ 
Corollary 4.17. If every algebra Q in Q is a local E-algebra, then the reflector 

L Q : EAlg EAlg Qdct 

preserves finite products. 
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Proof. The reflector Lq always preserves the terminal algebra. Let A and B be 
E-algebras. Consider the composite of surjections 

Ax B ► A ► A/m Q {A) , 

and similarly with the role of A and B exchanged. Their kernels are EKciOq ({0} x B) 
and EKciOq (A x {0}) respectively Notice that these two ideals are coprime since 
the former contains (0, 1) and the latter contains (1, 0) . Hence, by Proposition 3.26, 
it follows that the induced map 

A x B -> A/D\ Q {A) x B/<Rq {B) 

is surjective, with kernel *Kcic)q ({0} x8)fl $Hooq {A x {0}) . Since every algebra Q 
in Q is a local E-algebra, by Proposition 4.16, this kernel is equal to 

9ta>Q (({0} x6)n(ix {0})) = fRaOq (0) = <K Q (A x B) . 
By the first isomorphism theorem, it follows that 

Lq {A x B) = {Ax B) /SK Q (A x B) 
= A/Mq (A) x B/m Q (B) 
= Lq (A) x Lq (B) . 

□ 

Remark 4.18. By the same proof, Lq also preserves finite products if every algebra 
Q in Q is an integral domain. 

4.1.1. Relative Reduction, let E be a super Fermat theory, and let Q be a full 
subcategory of EAlg. Denote by 

jq : Q EAlg 

the full and faithful inclusion. Consider the forgetful functor 

U-e : EAlg -> Set 

Denote the composite by 

Kq := U-e O jq. 

The Z2-graded object |iKq q , Kq i | of Set Q , may be regarded as a E-algebra in the 
topos Set^. For each Q G Q, there is universal map of 2-sorted Lawvere theories 

Xq : E ->• Endj/ E (Q) 

classifying Q. (See Example B.18.) Hence, for all (n|m) and (p\q) , the functor xq 
provides natural maps 

E ((n\m) , (p\q)) -> Set (q^ x Qf, x Qf) . 

Pick / G E ((n|m) , (p|g)) , then the maps (xs(/))ggQ assemble into a natural 
transformation (i.e. a map in Se t Q ) 

ev (/) : Kq^ x Kq™ -> KqJ x Kq'. 

This yields functions 

(4.4) ev ( „| m) , (p | g) : E ((n\m) , (p\q)) -> Set Q (KqJ x Kq™,KqJ X Kq^) . 
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Note that 

E((n|m),(l|0)) = K{ a; 1 ,-.. , x n , f 1 , ■ ■ ■ , £ m }, 

and 

E((n\m),(0\l))=K{x\--- ,x n ,e,--- ,C} k - 
Hence, we get even and odd evaluation maps: 

and 

ev[" |m) : K {x\ • • • , x n , t\ ■ ■ ■ , C }, H- Set^ (]Kq£ x Kq™, Kq J . 

Remark 4.19. If E is a non-super Fermat theory, all of this construction carries 
through, however one only needs to use one sort. 

Definition 4.20. The super Fermat theory E is Q-reduced if for all (n|m) the 
evaluation maps evg™'" 1 ^ and ev^ are injective. 

Proposition 4.21. A super Fermat theory E is Q-reduced if and only if each 
finitely generated free ~E-algebra is Q-point determined. 

Proof. Suppose that for some n and to, K {x 1 , ■ ■ ■ , x n , £ x , • • ■ , £ m } is not Q-point 
determined. Then there is a non-zero / e K^x 1 ,--- ,x n ,£ > 1 ,--- ,£ m } such that 
tp (/) = for all 

p:K{a:V-- >z n ,£V-- .f"} -> 2, 
with Q £ Q. So, for all Q-points tp, we have 

(4.5) V (/) = q (/) ((^ (x 1 ) , • • • , <p (x n )) , {v (e) (r ))) = o. 

Since K {x 1 , ■ ■ ■ , x n , ■ ■ ■ , £ m } is free, this implies for all Q and any collection 

oi, • • ■ ,a n 

of even elements of Q and 

Oil • " j "m 

odd elements, 

Q (/)((oi,--- ,a„),(6i,--- ,6 m )) =0. 

Hence, for all Q, 

XQ(f)=XQ (0). 

In particular, this implies that the evaluation map ev^™'™^ of the same parity as / 
is not injective. 

Conversely, suppose that each finitely generated free E-algebra is Q-point de- 
termined. Suppose that / and g arc in K {a; 1 , • ■ • ,x n , £V-- have the same 
parity, and 

ev (n|m) (j) = ev (n|m) ^ 

By equation (4.5), this implies that for all Q-point tp, tp (/ — g) = 0. By Proposition 
4.6, this implies that / = g, so that each evaluation map is injective. □ 

Corollary 4.22. ^4 super Fermat theory E is Q-reduced if and only if each free 
~E-algebra is Q-point determined. 
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Proof. If every free E-algebra is Q-point determined, then E is Q-reduced by Propo- 
sition 4.21. Suppose that E is Q-reduced. By the same proposition, every finitely 
generated E-algebra is Q-rcduced. Let T be some ^-graded set and let E (T) be 
the free E-algebra on T. Suppose that / and g are two elements thereof and that 
for every Q-point 

p : E (T) Q, 

P (/) = P (ff) ■ Since E (T) is a filtered colimits of finitely generated free algebras, 
there exists a finite Z 2 -graded subset T of T such that / and g are in the image 
of 

i :E(T )^E(T). 
Say i(f)=f and i (g) = g. Let 

q : E(T ) -> Q 

be any Q-point. Then q can be extended along i to a Q-point p, for example, by 
setting 

p(t)=q(t) 

for all t £ Tq, and by letting p be zero on all other generators. This implies that 



«(/) (/) =P(f) 



Hence q If J = q (g) for every Q-point q, and hence / = g, since E (To) is finitely 

generated, and hence Q-point determined. Therefore, / = g, and E (T) is also 
Q-point determined. □ 

Remark 4.23. A non-super Fermat theory E is reduced if and only if it is K-reduccd, 
where K is the full subcategory of E spanned by the initial E-algebra K. 

Definition 4.24. Let E be a super Fermat theory, and let A denote the subcategory 
of E consisting of the Grassman algebras (Definition 3.4.) The super Fermat theory 
E is super reduced if it is A-reduced. 

Proposition 4.25. If E is a reduced Fermat theory, QE is a super reduced super 
Fermat theory. 

Proof. By Proposition 3.9, QE is a super Fermat theory. It suffices to show that 
it is super reduced. By Proposition 4.21, it suffices to show that for all n and to, 
E (n) ® A" 1 is A-point determined. Since E is reduced, by Proposition 4.21, each 
E (n) is K-point determined, hence by Proposition 4.6, there is an embedding 

tp : E (n) ^ Y[ K. 

Oi 

Consider now the composite 

E(n)® A m -> ( JJ K ) ® A ™ ~> II Am 

\ a / a 

The first morphism is injective since A m is free, hence flat as a K-module. The 
second is always injective. Hence, we have an embedding of E (n) <E> A™ into a copy 
of algebras in A, so by Proposition 4.6, we are done. □ 
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Define a 2-sorted Lawvere theory Enduq by setting 

EndKq ((n|m) , (p\q)) = Set« (Kq£ x Kq^Kq^ x Kq|) ■ 

Notice that (4.4) yields a canonical map of theories evq : E — > EndK Q ■ It is easy to 
see that E is Q-reduced if and only if this map is faithful. Moreover, the Z2-graded 
set 

Set« (]Kq£ x Kq",Kq) := {Set Q (KqJ x Kq™,KqJ , Set« (]Kq£ x Kq™,KqJ } 

has the point- wise structure of an E-algebra, and the morphisms evp™'" 1 ^ and evj™'"^ 
define an E-algebra map 

ev£ |m) :K{*V.- ,x n ,e,--- A m } -> Set Q (]Kq£ x Kq™, Kq) . 

Definition 4.26. Given a super Fermat theory E, we define its Q-reduction EQ re d 
to be the image of evQ . Explicitly, the finitely generated EQ rG( j-algebra on the sort 
(n|m) is given by 

EQ re d (n\m) = Im (ev^ |m) ) = E (n|m)/Ker fevjj |m) J . 

Remark 4.27. By the proof of Proposition 4.21 one sees that 

Kcr (cv Q l!m) ) = fH Q (E(n|m)), 

so that Eq re d (n|m) = Lq (E (n|m)) . 

The proof of Proposition 2.30 readily generalizes: 

Proposition 4.28. If E is a super Fermat theory, EQ ro d is a Q-reduced super 
Fermat theory. Moreover, the assignment E i— > EQ ro d is functorial and is left 
adjoint to the inclusion 

SFTh Qrod SFTh 

of the full subcategory of Q-reduced super Fermat theories. In particular, super 
reduced super Fermat theories are a reflective subcategory of super Fermat theories. 

4.2. Near-point determined superalgebras. 

4.2.1. Near-point determined superalgebras. 

Definition 4.29. Let N denote the class of formal Weil K-algcbras. An E-algebra 
which is N-point determined is said to be near-point determined. Denote the asso- 
ciated subcategory by EAlg npd . 

Remark 4.30. If one replaces the role of nilpotent extensions with that of locally 
nilpotcnt extensions, (as in Remark 3.25), one arrives at an equivalent definition of 
near-point determined. The reason is if 

is a locally nilpotent extension with kernel N, the natural map 

oo 

A^]jA/N n+1 

i=0 

is an embedding into a product of formal Weil algebras, hence A is near-point 
determined. 
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Remark 4.31. In light of Remark 2.39, from Corollary 4.17 it follows that if K is a 
field each formal Weil K- algebra is local, so the reflector 

L N : EAlg -> EAlg npd 

preserves finite products. 

Proposition 4.32. If E is a super reduced super Fermat theory, then each free 
E-algebra is near-point determined. 

Proof. Since A C N, the result follows from Corollary 4.22. □ 

We will give an alternate characterization of what it means to be near-point 
determined. First, we will make some basic observations. Suppose that 

p:A^K 

is a K-point of an E-algebra A, where K is the ground ring. Let M denote the 
kernel of p. For any k > 0, there is a canonical factorization 

A 




p 

A/M% +1 . 

If 7r (ay) , . . . 7r (dfc+i) are arbitrary elements of Ker (p) , then each € M p , so 

7T (Ol) 7T (a 2 ) • • • 7T (Ofc+l) = 7T (oi02 ' ' ' Ofe+l) = 0. 

So, Ker (p) is nilpotent of degree k and therefore A/M p +1 is a formal Weil K-algcbra. 
We introduce the notation 

A p k) :=A/M* +1 . 

We note that A p k ^ is universal among formal Weil K-algebras of nilpotency de- 
gree k covering the K-point p. I.e., if 

p : W -> K 

is a formal Weil K-algcbra with Ker (p) k+1 = 0, and 

ip:A^W 

is such that 

IT O Ifi = p, 

then there is a unique factorization 

A — ^— > W 

Proposition 4.33. 'Ei-algebra A is near-point determined if and only if the 
canonical map 

oo 

(4.6) ^ n n4 fc) 

p:.A->K fc=0 

zs injective. 
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Proof. Since each Ap is a formal Weil K-algebra, if (4.6) is injective, it is an 
embedding of A into a product of formal Weil K-algcbras, so A is near-point de- 
termined. Conversely, suppose that A is near-point determined. Notice that the 
kernel of (4.6) is the intersection over all K-points p of A and all k > 1, of Ker(p) fc . 
Let a be a non-zero element of A. Then there exists a morphism <f> : A — > W to a 
formal Weil K-algebra such that <fi (a) ^ 0. The algebra W comes equipped with a 
surjection 

p : W -> K. 

Let p := p o <fi and let M p denote the kernel of p. Notice that 

4> (M p ) C Ker (p) . 

Let n be the nilpotency degree of Ker (p) . Then there is a unique factorization of 
4> of the form 

A A A/M p l+1 = a 1 ; A w. 

Since (j>(a) ^ 0, A (a) ^ 0, so a is not in M™ +1 . Hence, a is not in the kernel of 

(4.6) . It follows that (4.6) is injective. □ 

Remark 4.34. It follows that a C°°-algebra is near-point determined in the sense 
of Definition 4.29 if and only if it is near-point determined in the sense of [7]. 

Lemma 4.35. Suppose that F : T' — > T is a morphism of S-sorted Lawvere the- 
ories. Let D be the full subcategory of T-algebras on those algebras A with the 
property that for any T '-algebra B, any T' -algebra morphism 

f : F* (B) -> F* (A) 

is of the form F* (g) for a unique T-algebra morphism 

g:B^rA. 

Then T> is closed under subobjects and arbitrary products in TAlg. 

Proof. The fact that D is closed under arbitrary products is clear by universal 
properties, since F* is a right adjoint. Suppose that 

j:C^A 

is a sub- T-algebra of A, with A € D. We wish to show that C is in D. Let 

<p : F* (B) -> F* (A) 
be a T'-algebra morphism. We wish to show that for all 

/GT(K),(m s )), 
the following diagram commutes 

(4.7) HB^^huB^ 
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Notice however that the following two diagram commutes since j and F* (J) o f are 
T- algebra maps: 



C(f) 



urn 



IT>" 



IK: 



>\[A 



Since j is a monomorphism, this implies that diagram (4.7) commutes, so we are 
done. □ 

Corollary 4.36. If A and B are E-algebras and B is near-point determined, then 
any WL-algebra morphism ip : A$ — > B$ is a map ofE-algebras. 

Proof. This is true when B is a formal Weil algebra by Corollary 3.23. The result 
now follows from Lemma 4.35, since by definition, any near-point determined E- 
algcbra is a subalgebra of a product of formal Weil algebras. 

□ 

Remark 4.37. In case that E = C°°, Corollary 4.36 gives a completely algebraic 
proof of [7], Proposition 8. (The proof in [7] uses a topological methods.) 

Suppose that E is super Format. Consider the composite of adjunctions 



(4.8) 



EA1 g„ P d 



+ EAig : 



( ) 



( )« 



^ SComAlg K 



By Corollary 4.36, the composite ( )g o in is full and faithful. Similarly for E 
Fermat. Hence we have the following corollary: 

Corollary 4.38. Suppose that E is super Fermat. The category EAlg npd of near- 
point determined^ algebras is a reflective subcategory o/SComAlg K . In particular, 
for each near-point determined ~E-algebra A, A is isomorphic to Ln applied to A$. 
Similarly for E Fermat. 

4.2.2. Finitely generated near-point determined superalgebras. 

Definition 4.39. Suppose that E is super Fermat. For each k > 0, m, n > the 

(n\m)- dimensional kth jet algebra is defined to be the supercommutative K-algcbra 



J-„ fe |m = K[x\ r":;-' e"]/mg+\ where 

larly for E Fermat, one has jet algebras J^. 



m 



(x 1 ,. 



,£"*). Si 
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Remark 4.40. Clearly, each J£\ m is a Weil algebra. 
Proposition 4.41. Each 

as an E-algebra for any super Fermat theory with ground ring IK. (And similarly 
for j£ when E is not super.) 

Proof. Notice that by Proposition 3.28, K {x 1 , . . . , x n ; £\ . . . , £ m } /m£ +1 can be 
identified with the E-completion of the Weil algebra Kfx 1 , . . . , x n ; £ x , . . . , C n ]/ m o 1 > 
so we are done by Corollary 2.43. □ 

Proposition 4.42. Every Weil algebra is a quotient of some J^\ m - 

Proof. Let ix : W — >• K be a formal Weil K-algcbra. As a (super) K-modulc, 

with Af finitely generated. Let a\, . . . , a n be generators of Afo and b±, . . . ,b m be 
generators of A/"i . Then there exists a surjective K-algebra map 

sending each x l to di and each to bj . Let k be the nilpotency degree of N = 
Ker (ir). Then I := Ker (4>) D mp +1 , hence W is a quotient of Jh m - □ 

Remark 4.43. Both Proposition 4.41 and Proposition 4.42 have non-finitely gener- 
ated analogues; one may introduce jet algebras with infinitely many generators, and 
then Proposition 4.41 holds and Proposition 4.42 holds for formal Weil K-algcbras. 
The proofs are the same. 

Proposition 4.44. If A is a finitely generated ~E-algebra and p : A — > K is a 

(k) 

K-point of A, then each Ap , is a Weil algebra. 

Proof. Since A is finitely generated, there exists a surjection 

K {x 1 , ,£'"} A. 

If p : A — > IK is a IK-point of A, then by composition there is an induced K-point q 
of IK {x 1 ,..., x";£\...,£ m } . Denote by 

u:K{a: 1 J ... > x n ;f 1 J ... > f n } -» IK 

the unique K-point sending each of the generators to zero. For every K-point t of 
K jx 1 , . . . , x n ; , . . . , £ m } , consider the automorphism 

«,:..<•}.«•' r} -> -{.r 1 e-,e <-} 

cc 1 i — ^ - t (x l ) 

with inverse £?_t. Let M p denote the kernel of p. Notice that the following diagram 
commutes 

K {x 1 , . . . , x"; £\ . . . , £ m } - 




A/M* +1 . 
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Hence, the image of each generator under irtp9 q is in Ker (p) , which has nilpotency 
degree k. It follows from Proposition 4.41 that there is a commutative diagram 




K 



such that (p is surjective. Since J*\ m is a Weil algebra, Ker {u) is finitely generated 
as a super K-module. Notice that we have a canonical isomorphism of super K- 
modules 

Ker (p) = Ker (u) / Ker {(p) , 
so hence Ker (p) is also finitely generated and Ap k ^ is a Weil algebra. □ 

Notation. Let W denote the full subcategory of EAlg spanned by Weil K-algebras 
and their homomorphisms. 

Corollary 4.45. If A is a finitely generated E-algebra which is near-point deter- 
mined, it is W -point determined. 

Proof. This follows immediately from Proposition 4.33 and Proposition 4.44. □ 

Remark 4.46. From Corollary 4.45, it follows that if A is a finitely generated C°°- 
algebra, then it is near-point determined in the sense of Definition 4.29 if and only 
if it is near-point determined in the sense of [20]. 

Remark 4.47. Since W C N, if A is a W-point determined E-algebra, then it is 
also near-point determined. By Corollary 4.45, the converse is true provided that A 
is finitely generated. However, the converse is not true in general, as the following 
example shows. It was suggested to us by Pierre Lairez: 
Let E = Corns, K a field. Let 

A := K[u,xi,x 2 , ■ ■■]/ (w 2 , (xiXj - SijU) . 

Let u and Xi denote the images of u and each Xi in A, respectively. Consider the 
canonical projection to IK with kernel 

m = (u,xi,x 2 , ■■■) . 

Notice that m 4 = 0, so that A is a nilpotent extension of K. 

Suppose that ip : A —> W is a morphism to a Weil algebra which docs not 
annihilate u. The image of ip is a subalgebra of a Weil algebra. By [20], Corollary 
3.21 b), the image of <p is also a Weil algebra. Hence, we may assume without loss 
of generality that if is surjective. Hence 

A^W -^K 

(where the latter map is the one defining W as an extension of K) is also surjective, 
and its kernel must be m. This means, that A — >• W — > K and ir : A — s- K can only 
differ by an automorphism of K- but this automorphism must be an automorphism 
of K-algcbras, so must be the identity. Hence, we have that the natural diagram 
commutes. This implies that Ker(</>) = / must be a subideal of m which does not 
contain u, and such that m/I is a finitely generated K-modulc. 
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If no finite K-linear combination of x\, X2, ■ ■ ■ is in /, then the images all the Xi in 
m/I would be linearly independent, so m/I would be infinite dimensional. Hence, 
there exists some 

00 

y = ^2 a t Xi G I, 

i=l 

with all but finitely many ai zero, and at least one a,i non-zero. Without loss of 
generality, assume that a\ is nonzero. Then 

00 

x\y = } j ajX\Xi 

i=l 

00 

= ^ ajSjiU 

i=l 

= a\u G I, 

and hence u G /, which is a contradiction. 

Finally, we note that Weil algebras enjoy the following useful property ([13], 
remark directly preceding Section 2.) 

Proposition 4.48. For any W G W, the functor W — : EAlg — > EAlg has a 

left adjoint, ( )w : EAlg — > EAlg. The same holds in ComAlg K . In particular, 
W -points of an algebra A are in bisection with 'K-points of Aw- Moreover ([16], 
Theorem 9.3.1) if A is free (respectively finitely generated) so is Aw- 

Remark 4.49. This property corresponds to cxponcntiability in EAlg op : if A cor- 
responds to A, W to W, then ~Aw = A W in EAlg op . 

4.3. Flatness of near-point determined superalgebras. In this subsection, E 
will be a fixed (possibly super) Format theory whose ground ring K is a field. We will 
investigate the properties of the intrinsic tensor product of near-point determined 
E-algebras and derive some important properties of it. These properties seem 
to suggest that every near-point determined E-algebra is flat with respect to this 
intrinsic tensor product, which we state as a conjecture at the end of this subsection. 
Recall that the inclusion 

EAlg npd EAlg 

admits a left-adjoint Ln (Proposition 4.13). In particular, since EAlg is both 
complete and cocomplete, EAlg npd also enjoys both of these properties. However, 
as with all reflective subcategories, colimits are computed by first computing the 
colimit in the larger category, in this case EAlg and then applying the reflector Ln- 
In particular, from this observation, there is an intrinsic notion of tensor product 
(i.e. coproduct) of near-point determined E-algebras, which we shall denote by the 
binary operation ®, and may not agree a priori with 0. 

Definition 4.50. A near-point determined E-algebra is flat if the endofunctor 
A ® ( ) : EAlg npd -> EAlg npd 

preserves finite limits (i.e. is left exact.) 
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Lemma 4.51. For any near-point determined 'Ei-algebra A, the endofunctor 
A ® ( ) : EAlg npd -> EAl gnpd 

preserves finite products. 

Proof. The endofunctor in question factors as 

AQ( ) ( )ou In 

EAlg npd EAlg ► E^Alg ► EAlg ► EAlg npd . 

By Corollary 3.33, A® ( ) preserves finite products, and by Remark 4.31, Ln does 
as well. The rest of the functors are right adjoints, so it follows that the composite 
preserves finite products. □ 

We have the following generalization of Corollary 2.42: 

Proposition 4.52. Let W be a formal Weil K-algebra. Then W viewed as an 
~E-algebra (as in Corollary 2.42) is near-point determined. Moreover, if A is any 
other near-point determined E-algebra, the natural map A^ ® W — > (A© W)fl is an 
isomorphism. In particular, A®W is near-point determined as an E-algebra. 

Proof. By Proposition 4.6, W is clearly near-point determined. It suffices to show 
that A$ ® W with its canonical structure of an E-algebra is near-point determined. 
Let 

j :A^l[W a 

a 

be an embedding into a product of formal Weil algebras, whose existence is ensured 
by Proposition 4.6. Then, since K is a field, the tensor product of K-algebras is left 
exact (and hence also preserves monomorphisms) , and we have an embedding 

j <g> id w W a ) <8> W. 

a 

The canonical map 



(n w «) ® w -> n(w a ® w) 



is also a monomorphism, as this is a property of vector spaces over K. By Corollary 
2.42, each W a <S) W is a formal Weil algebra. So, ^4 ® W embeds into a product 
of formal Weil algebras, and hence is near-point determined, again by Proposition 
4.6. □ 

Lemma 4.53. Let A be a near-point determined ~E-algebra. Then the endofunctor 
A ® ( ) : EAlg npd -> EAlg npd 

preserves monomorphisms. 

Proof. Let i : B °-> C be a monomorphism of near-point determined E-algebras. 
Suppose that 

is not a monomorphism. Then there exists non-zero element k <G A ® B in its 
kernel. So, there exists a homomorphism <fi : A® B — >}Vtoa formal Weil algebra, 
such that (f>{k) ^=0. Denote by 

i A ■ A® B 
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the canonical morphism, and similarly for B. Notice that the following diagram 
commutes: 



A© B 



-> W© B- 



id A ©i 



idw ® i 



A©C—^ -^W®C' 



The homomorphism 



id w ®i:W®B^W®C 



is a monomorphism since tensoring with K-algebras preserves monomorphisms, 
since IK is a field. Notice that <b factors as 



tj>i A © ide id w © 4>i A V 

A <§> B > W@B > W@W ► W, 



hence 

It follows that 
whereas 



(<fri A © ids) (k) ^ 0. 
(idyy <g> i) (4>iA ® ids) (k) ^ 0, 



(&A © id c ) (id^ © i) (k) = 
since k is in the kernel. This is a contradiction. 



□ 



Note that any left exact functor preserves monomorphisms. In particular, in or- 
der for taking the © -tensor product with a near-point determined E-algebra to be 
left exact, it is necessary that it preserve monomorphisms. In fact, for commutative 
rings, the converse is true. That is, for 1Z a commutative ring and A an 7?.-algcbra, 
one has the following result : 



A is flat if and only if the endofunctor A ®n ( ) Com^ — > Com-R. preserves 
monomorphisms. 

(This can be proven by using square-zero extensions to show that if tensoring 
with A preserves monomorphisms of 7?.-algebras, it also preserves monomorphisms 
of 7?.-modules.) In light of Lemma 4.53, the following conjecture seems plausible: 

Conjecture 4.54. Every near-point determined ~E-algebra is flat. 

In light of Lemma 4.51, to show that Conjecture 4.54 is true, it suffices to show 
that for any near-point determined E-algebra A, the endofunctor 

A © ( ) : EAlg npd EAlg npd 

preserves pullbacks, or equalizers; either would suffice 1 . We offer the following 
partial result: 



In fact, one would only need to show it preserves corcflcxivc equalizers. 
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Lemma 4.55. Let 




B—-^V 

be a pullback diagram of near-point determined E-algebras, and consider the pullback 
diagram 

V ► A ® C 



A© B ■ 



id A @f 



id A @g 



-+A© V. 



The canonical map 

A@P -> P' 

is a monomorphism. 

Proof. Consider the canonical monomorphism 

V^BxC. 

By Lemma 4.53 and Lemma 4.51, the induced morphism 

A ® P -> (A ® B) x (A ® C) 
is a monomorphism, and this map factors through A ® P —> P'. 



□ 



Appendix A. Algebraic theories 

In this appendix, we give a rapid introduction to the formalism of abstract 
algebraic theories. Nearly all the material may be found in [3] and we claim no 
originality for it. This appendix is included merely as a convenience to the reader. 

Definition A.l. [5, 3] An (abstract) algebraic theory is a small category T with 
finite products. 

Remark A. 2. Any algebraic theory T has a terminal object; it is the empty product. 

Wc adjoined the parenthetical adjective abstract since we have not provided the 
data of a chosen set of generators. Much of the theory of algebraic theories works 
well at this level of generality, but for many applications, it is important to consider 
the generators as part of the data. This is precisely what one needs to consider 
algebras as a (family of) sets with extra structure. We discuss this in Section B. 
For now, we will simply give the following definition: 

Definition A. 3. A set 

§ C Ob(T) 

of objects of T is said to generate T as an algebraic theory if very object of T is 
isomorphic to the product of finitely many objects from S. 

Remark A. 4. Since any algebraic theory T is small, the set of all objects of T is in 
particular (a very redundant) set of generators. 
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Definition A. 5. [5, 3] Given an algebraic theory T, a T- algebra (in Set) is defined 
to be a finite product preserving functor 

A : T -> Set. 

T-algebras form a category TAlg, with natural transformations as morphisms; 
they span a full subcategory of the functor category Set T . A category C is said to 
be algebraic if it is equivalent to TAlg for some algebraic theory. 

Remark A. 6. A T-algebra 

A : T -> Set 

must send the terminal object in T to the singleton set. 

Remark A. 7. Suppose that T has a chosen generating set S. This enables us to 
describe an algebra A by a collection of sets 

A={A S = A(s)\s G §} 

together with finitary operations 

N 

Kf) ■ II- 4 "^ ~^ A ^ 8i,...,a N ,seS, niSN 
i=l 

for each morphism / of T, satisfying coherence conditions following from functori- 
ality and preservation of products. Indeed, since § generates T, then every object 
t is of the form 

for some integers n s > 0, with only finitely many non-zero. It follows that 

A(t) = l[A(sr. 

When the set § is a singleton, up to equivalence, we can assume that T has the 
non-negative integers as objects, with product given by addition, as the terminal 
object, and with 1 as the generator. In this case a T-algebra is the same thing as 
a set A = A(l) together with finitary operations A(f) : A n — > A corresponding 
to the morphisms / G T(n, 1) and satisfying structure equations coming from the 
composition of morphisms. In general, we may replace T, up to equivalence, by 
a category whose objects are S-indcxed families of non-negative integers. We will 
discuss this in detail in Section B. 

Remark A. 8. The Yoneda embedding 

Y T a P : T op — > Set T 

actually factors through TAlg (since representable functors preserve all limits, 
hence in particular, finite products) and identifies T op with the full subcategory of 
finitely-generated free T-algebras (see Remark B.14). 

Remark A. 9. Let Z be any set, and let A : T — > Set be an algebra for an algebraic 
theory T. Notice that the functor 

( f : Set -> Set 

X i y X z = Rom(Z,X) 
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is right adjoint to the functor X i-> X x Z, so preserves all limits. In particular, 
the functor 

A z := ( f o A : T -> Set 
is a T-algebra. If is a generator of T, we have 

.4f = A z (fc) = -4f = Hom(Z, A), 
with the operations applied "pointwise" . 
A.l. Sifted Colimits. 

Definition A. 10. A category D is said to be sifted if for every finite set X, 
(regarded as a discrete category) and every functor 

F:DxI-> Set, 

the canonical morphism 

f lim Y[ F (d, x) J — > Yl ^ F ( d ' x ) 

is an isomorphism. A sifted colimit in C is a colimit of a diagram 

F :D ->C, 

with D a sifted category. 

Remark A.ll. Sifted colimits commute with finite products in Set (by definition). 
Notice the similarity between sifted colimits, and filtered colimits, which commute 
with all finite limits in Set. In particular, filtered colimits are a special case of sifted 
colimits. 

Definition A. 12. Let lim (R A) be a coequalizer in a category C. It is a 
reflexive coequalizer if for all objects C, the induced map 

Home (C, R) -> Home (C, A) x Hom c (C, A) 

is injective, and hence determines a relation on the set Home (C, A) , and moreover, 
this relation is reflexive. 

In Set, one can easily check that reflexive coequalizers commute with finite 
products. The following proposition follows: 

Proposition A. 13. Reflexive coequalizers are sifted colimits. 

Proposition A. 14. [3] A category C is cocomplete if and only if it has all sifted 
colimits, and binary coproducts. Similarly, a functor preserves all small colimits if 
and only if it preserves all sifted colimits and binary coproducts. 

Proof. The standard proof that all colimits can be constructed out of arbitrary 
coproducts and coequalizers only uses reflexive coequalizers. The result now follows 
since any coproduct is a filtered colimit of finite coproducts. □ 

The following proposition is standard: 

Proposition A. 15. [2] A category D is sifted if and only if its diagonal functor is 
final. 

Corollary A. 16. [2] Any category D with finite coproducts is sifted. 
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Recall that for a small category C, one can construct a category Ind (C) of 
Ind-objects of C, that is formal filtered colimits of objects of C. Formally, Ind (C) 
is the free cocompletion of C with respect to filtered colimits. One can also do the 
analogous thing for sifted colimits: 

Definition A. 17. Let C be a small category. We define Sind(C) to be the free 
cocompletion of C with respect to sifted colimits. It is a category under C, 

Y sind : C -> Sind (C) 

determined uniquely up to equivalence by the property that the functor Ysind 
satisfies the following universal property: 

For all categories B with sifted colimits, composition with Ysind induces an 
equivalence of categories 

Fun sl/f (Sind (C) , B) ► Fun (C, B) , 

where Fun S! / ( (Sind (C) , B) is the full subcategory of the functor category 
Fun (Sind (C) , B) spanned by those functors which preserve sifted colimits. 

Proposition A. 18. [3] For a small category C, Sind(C) may be constructed as 

pop 

the full subcategory of the presheaf category Set - the free cocompletion of C- 
spanned by those presheaves which are sifted colimits of representables, and Ysind 
may be taken as the codomain-restricted Yoneda embedding. 

Proposition A. 19. The functor 

Y sind : C -> Sind (C) 

preserves any finite coproducts that exist in C. 

Proof. Let C and D be objects of C for which C]J D exists. By Proposition A. 18, 
we can identify Sind (C) with a subcategory of Set c and Isind with the Yoneda 
embedding. Let 

X = lunF (£ 7 ) 

be a sifted colimit. This represents an arbitrary object of Sind (C) . We have the 
following chain of natural isomorphisms: 

Horn (Y (cJJ-D) , limy (E y j\ = ()h$Y (£ 7 )) (c]Jd) 

= lhnHom (c]J_D,E^\ 

= lim (Horn (C, E 7 ) x Horn (D, E 7 )) 

= (hmHom(C,£! 7 )) x (lnriHorn(.D,.E 7 )') 

= lim Y (E y ) (C) x lim Y (E 7 ) (D) 

= Horn (C, lim Y (£ 7 )) x Horn (d, lim Y (E^ 

□ 

Corollary A. 20. If C has binary coproducts, then Sind (C) is cocomplete. 



ON THEORIES OF SUPERALGEBRAS OF DIFFERENTIABLE FUNCTIONS 



ol 



Proof. By Proposition A. 14. it suffices to show that Sind (C) has binary coprod- 
ucts. However, by Proposition A. 19, coproducts of objects in the essential image 
of ^sind exist in Sind(C). Since every object of Sind (C) is a sifted colimit of 
representables, the result follows. □ 

Corollary A. 21. If C has binary coproducts, then for any cocomplete category B, 
composition with Ysind induces an equivalence of categories 

Fun cocont . (Sind (C) , B) ► Fun u (C, B) , 

where Fun coco „t. (Sind (C) ,B) is the full subcategory of the functor category 
Fun (Sind (C) ,B) spanned by those functors which preserve all colimits, and 
Funjj (C, B) is the full subcategory of Fun (C, B) spanned by those functor which 
preserve binary coproducts. 

Corollary A. 22. If C has binary coproducts, Sind (C) is reflective in Set c . 

Proof. It is easily checked that the left Kan extension Lany (Ysind) of Fsind along 
the Yoneda embedding, which exists by virtue of the cocompleteness of Sind (C), 
is a left adjoint to the inclusion 

Sind(C) ^ Set c ° P . 

□ 

Corollary A. 23. If C has binary coproducts, Sind (C) is locally finitely pre- 
sentable, so in particular is complete and cocomplete. Moreover, limits and sifted 
(and hence filtered) colimits are computed pointwise. 

Proof. The inclusion 

Sind (C) ^ Set c ° P 

preserves sifted colimits by construction, hence in particular, filtered colimits, so is 
accessible. Since Sind(C) is fully reflective in Set c , it follows from [1], Proposi- 
tion 1.46, that Sind (C) is locally finitely presentable. The final statement is true 
by construction, from Proposition A. 18. □ 

Theorem A. 24. [3] Let T be an algebraic theory. Then its category of algebras, 
TAlg, is equivalent to Sind (T op ) . 

Proof. Any representable presheaf is clearly an algebra, and therefore so is any 
sifted colimit of representables. Hence every functor 

F : T = (T op ) op -> Set 

in 

Sind (T op ) C Set T 

is a T-algebra. It suffices to show that if A is a T-algebra, then it is a sifted colimit 
of representable preshcaves. The functor 

A : (T op ) op -> Set 

is canonically the colimit of 

J A -> Set (T ° P) ° P = Set T , 
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where ( J A^j is Grotliendieck construction of the presheaf A. It therefore suf- 
fices to show that ^ J A^j is sifted. By Corollary A. 16, it suffices to show that 

\ op / \ op 

/ A I has binary products. The objects of I J A I can be described as 

T o P / \T»p / 

pairs (t, a) such that t £ T and a £ A (t) . Arrows 

{t,a)^(t',a') 

are morphisms 

g : t' -> t 

such that 

A(g){a') = a. 

It follows that 

(t, a) x (t', a') = (tx if, (a, a 1 ) £ A (t) x A (t) = A(t x if)) . 

□ 

Corollary A. 25. For an algebraic theory T, its category of algebras TAlg is locally 
finitely presentable, so in particular is complete and cocomplete. Moreover, limits 
and sifted (and hence filtered) colimits are computed pointwise. 

A. 2. Morphisms of Theories. 

Definition A. 26. Algebraic theories naturally form a 2-category s$3n. A mor- 
phism of algebraic theories 

T — > T' 

is a finite product preserving functor. A 2-morphism is simply a natural transfor- 
mation of functors. We will mostly be concerned only with truncation stfSTh to a 
1-category in this paper, and denote it by ATh. 

Remark A. 27. Any morphism of algebraic theories must preserve the terminal ob- 
ject, since it is the empty product. 

We will now show that any morphism F : T — > T' of algebraic theories induces 
an adjunction Fi H F* between the corresponding categories of algebras: 



(A- 1 ) TAlgt=j:T'Al g , 

Ft 

To construct these, observe that the functor F op : T op — > T' op induces three adjoint 
functors FHf'H F* 

Set T <=|: Set T ' . 
The adjunction with which we will be concerned is 

Fi H F*. 
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Indeed, F\ is given as the left Kan extension Lany TOp (Ft»p ° F op ) 
(A.2) 



Set T - - -> Set T ' 

F 



y T o F 



rpop 



. T' op 



of Yt'°p o F op along the Yoneda embedding Y T °p : T op ^ Set T , so that F is the 
unique colimit preserving functor which agrees with F° p along representables. By 
the Yoneda Lemma, it follows that if X £ Set T , 

F* (X) (t) = Horn (Y T '°p (*) , F* (X)) 

= Rom(Fi(Y T , B »(t)),X) 

= Hom(Y T 'op {F(t)),X) 

= (XoF)(t), 



so that F* is given simply by precomposition with F. It follows that if X preserves 
finite products, so does F* (X). So there is an induced functor 

F* : T'Alg -> TAlg. 

The functor 

F* : Set T ' Set T 

has a right adjoint F* , which by the Yoneda Lemma is given by the formula 

F» (X) (t) = Horn (F* Y T '°p (t) , X) . 

If X happened to be a T-algebra, there is no guarantee that F* (X) is a T'-algebra, 
so there is in general no right adjoint to F* at the level of algebras. 

Remark A. 28. Indeed, 

F* : Set T ' -> Set T , 

since it is a left adjoint, preserves all colimits, and these colimits are computed 
pointwise. It follows that 

F* : T'Alg -> TAlg. 

at least preserves sifted colimits, as these are also computed pointwise. In fact, since 
both TAlg and T'Alg are locally presentable, it follows by the Adjoint Functor 
Theorem ([1] Theorem 1.66), that F* has a right adjoint at the level of algebras, 
if and only if it preserves all small colimits. Since F* preserves sifted colimits, by 
Proposition A. 14, it follows that F* has a right adjoint if and only if it preserves 
finite coproducts. 

Since F\ h F*, by the universal property of left Kan extensions, another char- 
acterization of F\ is that F\ (Z) is itself the left Kan extension of Z along F, that 
is 

F=Lan F ( ) : Z ^ Lan F (Z) . 

Notice that if Z is in fact a T-algebra, then Z is a sifted colimit of representables, 

Z^lunY T °p CU- 
It follows that, 

F (Z) = Lan F (hmY T °p (t a j\ = limY T '°p (F(t a )) 
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is a sifted colimit of representables, hence a T'-algebra. Therefore, F\ restricts to 
a functor 

F : TAlg T'Alg. 

In summary: 

From a morphism of theories F : T — > T' ones gets an adjunction 

TAlgt^T'Alg, 

such that F* preserves sifted colimits. 

This suggests the following notion of a morphism of algebraic categories: 

Definition A. 29. An algebraic morphism from one algebraic category C to another 
D, is an adjunction 

f< 

such that the right adjoint /* preserves sifted colimits. With this notion of mor- 
phism, algebraic categories naturally form a 2-category .saflgffat, whose 2-morphisms 
between and (g*,g\) are given by natural transformations 

=> .9 • 

We similarly denote its 1-truncation by the 1-category AlgCat. 

Remark A. 30. This definition of morphism is dual to that of [3]. 

Remark A. 31. By [3], Theorem 8.19, a limit preserving functor / : C — ¥ D between 
algebraic categories preserves sifted colimits if and only if it preserves filtered col- 
imits and regular epimorphisms. Hence, one may equivalently say a morphism of 
algebraic theories 

F : T -> T' 

induces an adjunction 

TAlgt=zz>T' Alg , 

F\ 

such that F* preserves filtered colimits and regular epimorphisms. 

Remark A. 32. There are some size issues with 2-category srflg^at in Definition 
A. 29; morphisms may form a proper class. However, there is no cause for concern 
as s^lg^at is at least essentially small, as guaranteed by the duality theorem [3], 
Theorem 8.14. Indeed, s/lg'&at is equivalent to a full subcategory of siSTh. 

Remark A. 33. The morphisms in silg c €at ov may be described as limit preserving 
functors which preserve sifted colimits. The existence (and uniqueness) of a left 
adjoint follow from the Adjoint Functor Theorem ([1] Theorem 1.66). 

Remark A. 34. If F : C — > D is an essentially surjective functor, then 

F* : Set D ° P -> Set c ° P 
is faithful and conservative. In particular, if 

F : T -> T' 

is an essentially surjective morphism of algebraic theories, then 

F* : T'Alg -> TAlg 
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is faithful and conservative. In particular, it preserves and reflects all limits and 
sifted colimits. 

Remark A. 35. The construction outlined in the subsection naturally extends to a 
2-functor 

£/,5?h J^lg'rfat 

which sends morphism 

F : T -> T' 

to the algebraic morphism (F* ,F\). 

Definition A. 36. When F is faithful, one calls T as a sub-theory of T'; in this case, 
F*(A') can be thought of as the underlying T- algebra of a T'-algebra A', while 
F\(A) is the free T'-algebra generated by a T-algebra A, or its T'- completion. 

Notation. When T is a sub-theory of T' we shall often neglect to mention the 
inclusion functor and denote the underlying T- algebra functor by ( )j and its left 

adjoint, the T'-completion, by ( ). 

Remark A. 37. By general considerations, it follows that if F is full and faithful, so 
is F\. 

Remark A.38. It may happen that F : T -> T' has a right adjoint G : T' -> T (so 
G op is left adjoint to F op ). Since G is a right adjoint, it automatically preserves 
products. Hence G induces an adjunction 

(G, H G*) 

between the categories of algebras. Notice that for t' E T' and t € T, 

Horn (t, G*y T '°p (*')) = Horn (G<Y T a P (t) , F T '°p (*')) 

= Horn (y T '°p (G (t)) , y T <=p (*')) 

^ Hom T '°p (G (<) , i') 

^ Homi" (f, G (t)) 

^ HomT {F (t') , t) 

= Hom T op (t, F (<')) • 



Hence 

G* : Set T ' -> Set T 

is colimit preserving (since it has a right adjoint G*) and for all t', 

G*oY T ,a P {t')=Y T o P (F(t')). 

It follows that G* = i 7 !, hence F\ acquires a further left adjoint, namely G\. These 
then restrict to a triple of adjunctions G\ H F\ H F* : 

TAlg T'Alg . 
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Appendix B. Multisorted Lawvere Theories 

Wc now go on to describe the extra data needed to attach to an abstract algebraic 
theory in order to give a good sense of the underlying set (or family of sets) to its 
algebras. Again, most of this material can be found in [3], however this appendix 
also contains some examples and notation important in this paper. 

Definition B.l. An S-sorted Lawvere theory is an algebraic theory T together 
with a injection 

tpr : S ^ T 

whose image generates T in the sense of definition A. 3. A morphism of S-sorted 
Lawvere theories 

is a (natural equivalence class of a) morphism of algebraic theories 

F : T -> T' 

such that for all s G S, 

F(<p T {s)) = <p' T (S). 

We denote the associated category SLTh. When § is a singleton set, we call an 
S-sorted Lawvere theory simply a Lawvere theory, and denote the corresponding 
category by LTh. 

Remark B.2. Up to equivalence, one can regard an S-sorted Lawvere theory as a 
category whose objects are S-indexed families of non-negative integers. This allows 
us to refer to a theory T without reference to its structural map <pt- 

Remark B.3. One can expand this definition by removing the injectivity of the map 
ipT and nothing is lost. We will refer to such a pair (T, ip) with ip not necessarily 
injective as an S-indexed Lawvere theory. 

Remark B.4. Let / : T —> T' be a morphism of S-sorted Lawvere theories. Then, 
up to equivalence, / is a bijection on objects. 

Remark B.5. If F : T — > T' is a full and faithful morphism of S-sorted Lawvere 
theories, then it is an equivalence. 

Definition B.6. An algebra for an S-sorted Lawvere theory T is simply an algebra 
for its underlying algebraic theory. 

Proposition B.7. A morphism F : T — > T' of Lawvere theories induces an ad- 
junction 

TAlgtzz=>T' Alg , 

F 

such that F* preserves and reflects all limits and sifted colimits ( equivalently all 
limits, filtered colimits, and regular epimorphisms) . 

Proof. This follows from Remark A. 34 and Remark B.4. The parenthetical remark 
follows from Remark A. 31. □ 

Example B.8. [3] Let S be any set viewed as a discrete category. Let T§ be the 
free completion of § with respect to finite products. Concretely, the objects of T§ 
are finite families 

( Si G S) ieI 
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and morphisms 

(at € S) igJ -> G §) jeJ 

are functions of finite sets 

f:J^I 

such that 

S fU) = *J 

for all j G J. There is a canonical functor 

F n : § -+ T S , 

sending each element s G S to (s) viewed as a finite family with one element. The 
universal property of this functor is that for any category D with finite products, 
composition with Ij-r induces an equivalence of categories 

(B.l) x:Fun n (T s ,D)^>Pun(§,D)=D s , 

where Punp-j (T§, D) is the full subcategory of the functor category on those func- 
tors which preserve finite products. It follows that T is an algebraic theory whose 
category of algebras is equivalent to Set s . Moreover, the functor Yrr gives T§ the 
canonical structure of an S-sorted Lawvere theory. 

Remark B.9. When § is a singleton, T§ is equivalent to FinSet op , the opposite 
category of finite sets. 

By construction, we have the following proposition: 

Proposition B.10. The S-sorted Lawvere theory T§ is an initial object. 

Let (T, iprp) be an §-sorted Lawvere theory. From Proposition B.10, we know 
that there is a unique morphism of §-sorted Lawvere theories 

cr T : T s -> T. 

From Proposition B.7, we have the following Corollary: 
Corollary B.ll. [3] With 

<7t : T§ — > T 

as above, the functor 

U r := (or)* : TAlg ->■ Set s 

is faithful and conservative. In particular, it preserves and reflects limits, sifted 
colimits, monomorphisms, and regular epimorphisms. 

Remark B.12. The above Corollary only needs that ctt is essentially surjective, so 
it holds true for S-indcxed Lawvere theories too. 

Remark B.13. In particular, for a §-sorted Lawvere theory 

ot : T§ — > T, 

the adjunction 

(<r T )* 

Set 8 < ; TAlg 

( ff T), 

is monadic. 
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Remark B.14. The left adjoint 

Ot), : Set s -> TAlg 

is the functor assigning an S-indexed family of sets G = (G s ) sgg the free T-algebra 
on G, whereas the right adjoint (ctt) assigns a T-algebra its underlying S-indexed 
set. Explicitly, if 

A : T -> Set 

is a T-algebra, then the underlying S-indcxcd set is 

(A s =A(a T (s))) {s&} . 
The diagram (A. 2) becomes in this case 

Set > Set T 



-> T op . 



It follows that Yt°p establishes an equivalence of categories between T op and the 
full subcategory of TAlg consisting of finitely generated free T-algebras. 

Remark B.15. Since every algebra is a sifted colimit of representables, which by 
the previous remark are precisely the finitely generated free algebras, by Remark 
A. 28, it follows that for a map of Lawvere theories 

F : T -> T', 

the functor 

F* : T'Alg -> TAlg 

has a right a adjoint if and only if for each pair A, B of finitely generated free 
T'-algebras, 

f* (aJJb) =F* {A)]]_F* (B). 

Notation. For a Lawvere theory T, denote the free T-algebra on n generators by 
T(n). As discussed above, T(n) can be identified with the representable functor 
Yr°p (n) ■ Since the underlying set is given by evaluation at the generator, 1, it 
follows that the underlying set is 

(B.2) r T o P (n) (1) = Hom T op (1, n) = Hom T (n, 1) . 

We will use the notation T(n, 1) for this set a morphisms, since also emphasizes 
that it encodes the n-ary operations of the theory T. In the S-sorted case, we adopt 
the notation T({n s } se s) for the free algebra with n s generators of sort s, for each 
s£§. The underlying S-indexed set of such a free algebra is then 

(T(v>r {s) n ',<pr ( S ))) ses . 

Remark B.16. Let T be an S-sorted Lawvere theory. Given an A G TAlg, an 
A-algebra is, by definition, an object of the undercategory A/TAlg. Given a 
morphism of theories F : T — > T', for each A G T'Alg we have an induced 
adjunction of undercatcgorics 

A/TAlg±=^F*A/TAl S . 
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To see this, observe that .A-algebras are algebras over the theory T A whose opera- 
tions are labeled by elements of free finitely generated *4-algebras, i.e. 

T^({n s } ses ) = .All T({n s } ses ). 

The above adjunction is induced by the morphism of theories 

F A : T F * A — > T' A . 

Notice that there is also canonical morphisms of theories 

u A :T'^ T' A 

and 

uf-a ■ T -> T F * A , 
such that the following diagram commutes: 

^ F 



u F , A 



■ F*A 



-> T' 



->T', 



it follows that F A maps A — >• A' to F*A -> F*A' and that F f A takes any F*A 
algebra of the form 

F*A^F*A]\B, 



for a T algebra B, to 



a^a]\f,b. 



Remark B.17. Let / : T —> T' be a morphism of S-sorted Lawvere theories. The 
category Cat of small categories carries a factorization system. Faithful functors 
are right orthogonal to functors which are both essentially surjective and full. It 
turns out that if / is a morphism of S-sorted Lawvere theories, if 

T -> C ->■ T' 

is the unique factorization by an essentially surjective and full functor, followed by 
a faithful one, then C is an S-sorted Lawvere theory, and all the functors are maps 
of S-sorted Lawvere theories. In this case, we denote C by Im (/) , and call it the 
image of f. 2 

Wc now proceed to construct Im (/) . We may assume without loss of generality 
that / is a bijection on objects. Consider for each pair of objects (x, y) £ To the 
induced function 

f x . y : Hom T (x, y) -t Hom^ (x, y) . 
Then one can define a new category Im (/) with the same objects as T' but whose 
morphisms are given by 

Horn (x, y) := lm(f x . y ) , 

the image of the function f x ,y Since / preserves limit diagrams for finite products, 
it follows that T' has finite products and the induced functor 

M/)->T' 



2 The more traditional notion of image of a functor, uses the factorization system determined 
by essentially surjective functors, and full and faithful functors. This factorization is ill suited for 
Lawvere theories due to Remark B.5. 
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preserves them. One hence gets a factorization of / 
(B.3) T Im (/) -> T' 

by algebraic functors, each of which is a bijcction on objects. In particular, the 
structure map for T, <7t, gives Im (/) the canonical structure of a §-sorted Lawvere 
theory in such a way that the factorization (B.3) consists of morphisms of §-sorted 
Lawvere theories. We refer to the theory Im (/) as the image of /. It is clear that 
the induced map 

Im (/) -> T 

is faithful. We conclude, that the factorization system determined by essentially 
surjective and full functors and faithful ones descends to a factorization system on 
SLTh. 

Example B.18. Let A be any set. Define the Lawvere theory End^ to be the full 
subcategory of Set generated by the finite Cartesian powers of A, i.e. 

EncU(n,l) = Set(A n ,A). 

Picking out A as the generator makes End^ into a Lawvere theory. Notice that 
the full and faithful inclusion 

End^ ^ Set 

preserves finite products, so that given a morphism of Lawvere theories 

F : T -> EikLa, 

by composition, one gets an T-algcbra in Set. Since F preserves the generator, this 
induced T-algebra will have underlying set A. It follows that a T-algebra structure 
on A for a Lawvere theory T is the same thing as a morphism of Lawvere theories 

F : T -> End A . 

In the same way, given an S-indexed family of sets A = (A s ) seS € Set s , one obtains 
a §-sorted Lawvere theory Endyi, such that for all §-sorted Lawvere theories T, 
morphisms of §-sorted Lawvere theories 

T -> End A 

are in bijection with T-algebras whose underlying §-indexed set is A. Explicitly 
End_4 is the full subcategory of Set generated by the collection of sets (A s ) for 
each s; these are also the sorts. 

B.l. Congruences. 

Definition B.19. Let C be a category with finite products. An equivalence relation 
on an object A 6 C is a subobject 

R >-> A x A 

such that for all other objects C, 

Home (C, R) >-> Home (C, A) x Home (C, A) 
is an equivalence relation on the set Home (C, ^4) . 
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Definition B.20. Given an equivalence relation 

R >-> A x A, 
one may consider the induced pair of maps 
(B.4) R=tA. 

If the coequalizer of this diagram exists, it is called the quotient object A/R of A 
by the equivalence relation R. 

Remark B.21. In the case that C = Set, one recovers the usual notion of the 
quotient of a set by an equivalence relation. 

Remark B.22. A coequalizer of the form (B.4) is a reflexive coequalizer, hence in 
particular, a sifted colimit. 

Definition B.23. Let T be an S-sorted Lawvere theory. An equivalence relation 
in TAlg is called a congruence. 

Definition B.24. A quotient A n- A/R by an equivalence relation is called an 
effective quotient if the canonical map 

A -> A/R 

is an effective epimorphism, i.e. 

A/R = lim (A x A/R A =4 A) . 

Proposition B.25. Suppose that T is an S>-sorted Lawvere theory, then every 
quotient in TAlg is effective. 

Proof. For any equivalence relation with a quotient, by definition, the map 

A -> A/R 

is a regular epimorphism. However, since TAlg has pullbacks, every regular epi- 
morphism is an effective epimorphism, so we are done. □ 

Corollary B.26. Suppose that T is an S-sorted Lawvere theory, then every regular 
epimorphism is of the form 

A^ A/R 

for some congruence R on A. 

Proof. Maps of the form A — > A/R are regular by definition. Conversely, suppose 
that 

A^B 

is a regular epimorphism. Then, since TAlg has pullbacks, it is an effective epi- 
morphism, and hence the map is induced by a colimiting cocone witnessing B as 
the colimit of 

A x B A =4 B. 

This coequalizer is the quotient for the equivalence relation 

R := A x B A >-> A x A, 

hence is of the form 

A -> A/R. 

□ 
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Proposition B.27. Suppose that T is an S-sorted Lawvere theory, and R is a 
congruence on a T-algebra A. Then the quotient A/R exists. In particular, the 
underlying ^-indexed set of A/R is the quotient of the underlying S-indexed set of 
A by the equivalence relation induced by R. 

Proof. From Corollary B.ll, the functor 

U T : TAlg -> Set s 

assigning an algebra its underlying S- indexed set, preserves and reflects reflexive 
cocqualizers. In particular, it preserves and reflects quotients by equivalence rela- 
tions. Since Set is a topos, it has quotients by equivalence relations, so we are 
done. □ 
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